
Deviation of Light near the Sunin General RelativityChristian Magnanhttp://www.la
osmo.
om/De�e
tionOfLight/De�e
tionOfLight.htmlThe deviation of light rays near the Sun is one of the most dramati
 predi
-tions of general relativity and the veri�
ation of this e�e
t by Eddington in 1919brought a spe
ta
ular 
on�rmation of Einstein's theory. But it is quite di�
ultto provide the reader with the details of the 
al
ulation as there is no simpleway to do it. In fa
t, to get the result it is ne
essary to dive into the full theoryof general relativity. Here is a good opportunity to dis
over this theory whileillustrating it on an example !The derivation of the equations given here 
losely follows the presentation ofEdwin F. Taylor and John Ar
hibaldWheeler in their delightful work "ExploringBla
k Holes, Introdu
tion to General Relativity" (Addison Wesley Longman,2000).1 Prin
iple of the 
al
ulationWhereas the qualitative aspe
t and the histori
al impa
t of the phenomenonof light bending near the Sun are des
ribed in many pla
es, the 
al
ulation ofthe angle of deviation is rarely given. This page is dedi
ated to this numeri
alexer
ise.General relativity tea
hes us that by propagating into spa
e a photon followswhat is 
alled a "geodesi
" of spa
etime. Thus we have to examine the followingpoints :� what is a "geodesi
" ?� whi
h equations govern a geodesi
 ?� �nd the solutions of those equations and thus dis
over the traje
tory oflight through spa
e ;� 
ompute the angle between the initial and �nal dire
tions of light.
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2 Metri
s for 
urved spa
etime around a massiveobje
tNewtonian me
hani
s des
ribes the motion of a parti
le in an absolute spa
ewith respe
t to an absolute time. The position of the moving obje
t is lo
atedby its 
oordinates with respe
t to some frame of referen
e and is given as afun
tion of time t. General relativity a�rms that there exists no absolute timeant that time 
annot be disso
iated from spa
e. The theory bases its reasoningon events, ea
h event being 
hara
terized by a point M (where it happens !) anda time t (when it happens !). The events atta
hed to a moving parti
le 
onstitutewhat is 
alled a worldline.Let us 
onsider for example a spa
eship moving freely through spa
e, whi
hmeans that all his motors are turned o�. Let us imagine that regular �ashesare emitted in a

ordan
e with a 
lo
k lo
ated inside the ro
ket and beatingthe time. The time interval between two su

essive �ashes will be denoted by τ(this quantity is thus measured with respe
t to the proper time of the spa
eship).Think now of another frame of referen
e as 
onstituted by an ensemble of spa
ebea
ons, also free from a

eleration, at 
onstant mutual distan
es from oneanother (ea
h free bea
on stays at the same distan
e from its neighbours). Everysignal bears the indi
ation of its position in spa
e (for instan
e by showing itsdistan
e from some origin) and holds its own 
lo
k. The 
lo
ks of this se
ondframe are syn
hronized between them. Then in that frame the interval betweentwo �ashes (i.e. two events) is 
hara
terized by two numbers : the spa
e interval
s and the time interval t. To determine those two quantities it su�
es to re
ordwhi
h bea
on fa
es Flash #1 and whi
h bea
on fa
es Flash #2 while noting thetimes of those events.Spe
ial relativity is based on the following prin
iple. The proper time interval
τ between Event #1 et Event #2 is given by the formula

τ2 = t2 − s2 (1)and this quantity does not depend on the frame in whi
h it is evaluated. In otherwords all observers agree on the value of τ 
omputed by Formula (1), althoughthe values of s and t di�er from one system of referen
e to another.Be 
areful : unless otherwise indi
ated, distan
es will be measured in unitsof time, as is often done in astronomy. We have 
hosen to do so in writingEquation (1). On the 
ontrary if distan
es s are expressed in 
onventional units,for instan
e in 
entimeters, then one should pass from the latter to our distan
e sexpressed in se
onds via the formula s(in se
onds) = s(in 
entimeters)/c where
c is the speed of light in 
onventional units, namely 3 × 1010 
m/s. (Expressingdistan
es and times with the same unit would amount to taking the speed oflight equal to unity.)In general relativity the property of invarian
e of the proper interval withrespe
t to a 
hange of the 
oordinates remains valid but only lo
ally, i.e. un-der the 
ondition of staying in a su�
iently small region of spa
etime (its sizedepends on the a

ura
y of the measurements). The main novelty 
on
erns the2



expression of the proper time as given by Formula (1). The 
oe�
ients enteringthis formula depend now on the point of spa
etime under 
onsideration and theresulting expression takes the name of metri
s. In fa
t the whole stru
ture ofspa
etime, and espe
ially its 
urvature, is in
luded in the lo
al expression of τand in the form of its 
oe�
ients.We are interested here in the stru
ture of spa
etime around the sun. Inorder to des
ribe the physi
s lo
ally we 
onsider two nearby events separatedby in�nitesimal amounts of the time and spa
e 
oordinates dt, dx, dy and dz.If spa
e were �at, the metri
s would have the form
(dτ)2 = (dt)2 − (dx)2 − (dy)2 − (dz)2whi
h is usually written (and a little sloppily) by 
onvention as

dτ2 = dt2 − dx2
− dy2

− dz2 (2)By working in spheri
al 
oordinates, in a plane 
ontaining the 
enter of the sun(this 
hoi
e removes one spatial 
oordinate), that formula be
omes
dτ2 = dt2 − dr2

− r2dφ2where r denotes the distan
e to the 
enter and φ an azimutal angle in the planeof the orbit (see the �gure below).

But spa
etime around a 
enter of attra
tion of mass M (for instan
e a bla
khole or the vi
inity of the sun) is not �at. It is 
hara
terized by the S
hwarzs
hildmetri

dτ2 = (1 − 2M/r)dt2 − (1 − 2M/r)−1dr2

− r2dφ2 (3)3



The story is really fantasti
 : the whole stru
ture of spa
etime is embodiedin this "simple" formula (3).Even the famous bla
k hole lurks behind thoseapparently inno
uous symbols.One question : in whi
h units is expressed the mass M in that formula ? Itis seen that M has the dimension of a length, a quantity that we measure herein se
onds. Therefore M will also be measured in se
onds. The formula allowingto transform grams in se
onds is
M(in se
onds) = (G/c3)M(in grams)where (G/c3) = 2, 5 × 10−39 s/g.3 The equations of a geodesi
The metri
, that is (exa
tly) the formula expressing at a givent point ofspa
etime the temporal interval between two nearby events, reveals the presen
eof 
urvature as soon as the expression deviates from Formula (2) 
orrespondingto �at eu
lidian spa
e. That metri
 will allow us to �nd the properties of themotion of a test parti
le free from a

eleration. A
tually both spe
ial and generalrelativity tea
h us that between two given events "E1 and E2 a freely movingbody follows the path for whi
h the time interval τ is maximum. Equivalentlyone 
an say that a freely moving parti
le follows a geodesi
 of spa
etime as ageodesi
 is pre
isely de�ned by this property of maximazing the time interval.De�nition of a geodesi
 : the geodesi
 between two events E1 and

E2 is the wordline for whi
h the interval of proper time between E1and E2 is maximum.That property of maximazing the proper time will allow us to derive theequations of a geodesi
. It will also yield the expressions of the energy andangular momentum of a parti
le in orbit around the 
enter of attra
tion.4 Energy of the parti
leLet us apply the prin
iple of maximisation of the proper time interval in thefollowing manner. Suppose that a free spatial ship (whose ro
kets are turned o�)falls radially, therefore along a straight path, towards the 
entral attra
tive mass.Imagine that three su

essive �ashes, with nearby time and spa
e 
oordinates,are emitted inside the spa
eship. We observe those three events in some externalframe. In that latter frame the event E1 
onsists in the emission of a �ash attime t = 0 when the spatial engine is lo
ated at radius r1. The �ash E2 isemitted at time t when the 
abin is at radius r2. The �ash E3 is emitted at time
T when the 
abin is at radius r3. The quantity T is assumed to be small. Wethen assume that we vary the intermediate 
oordinates of E2. The prin
iple of4



maximal aging says that the geodesi
 starting from E1 and ending at E3 willpass through Event E2 su
h that the proper time interval
τ = τA + τB, (4)is maximum. Here τA measures the interval over the �rst spa
etime segment

A, whi
h 
onne
ts E1 to E2 and τB measures the time interval over the se
ondsegment B, whi
h 
onne
ts E2 to E3.In order to avoid varying all quantities at the same time, we assume in thisexperiment that the lo
ations of the radii r2 and r3 are �xed and that only thetime t, at whi
h the se
ond �ash is emitted, is allowed to 
hange. A

ording toFormula (3) the interval of proper time over the �rst segment A is given by itssquare
τA

2 = (1 − 2M/rA)t2 + (terms without t) (5)from whi
h we dedu
e
τAdτA = (1 − 2M/rA)tdt (6)The lapse of time over Segment B between the events E2 and E3 is (T − t),and therefore the proper time duration τB is given by

τB
2 = (1 − 2M/r)(T − t)2 + (terms without t) (7)from whi
h we dedu
e

τBdτB = −(1 − 2M/rB)(T − t)dt. (8)To make the total time interval τ = τA + τB maximum with respe
t to avariation dt of the time t, we write
dτ

dt
=

dτA

dt
+

dτB

dt
= 0 (9)Dedu
ing dτA and dτB from Equations (6) and (8) and letting quite naturally

t = tA and T − t = tB, we easily get
(1 − 2M/rA)(tA/τA) = (1 − 2M/rB)(tB/τB) . (10)The left side of that equation depends only on parameters 
hara
terizing the�rst segment A (whi
h 
onne
ts E1 to E2). The right side depends only onparameters related to the se
ond segment B (whi
h 
onne
ts E2 to E3).We have dis
overed in Equation (10) a quantity that is the same for bothsegment. This quantity is thus a 
onstant of the motion for the free parti
le under
onsideration. For good physi
al reasons (espe
ially to re
over the formulae ofspe
ial relativity), one is led to identify that 
onstant of motion as the ratio ofthe energy of the parti
le to its mass. We write this very important result underthe form

E/m = (1 − 2M/r)(dt/dτ) (11)an expression in whi
h we have returned to the di�erential notation for theintervals t and τ .In
identally we may noti
e that with the units we have 
hosen, energy Eand mass M are expressed in the same unit (for instan
e the 
entimeter).5



5 Angular momentum of the parti
leWe have applied the prin
iple of maximazing the proper time interval by va-rying the time of the intermediate event E2. We now perform the same operationbut this time we vary the angle φ of that intermediate event. We re
all that φmeasures the dire
tion of the moving parti
le with respe
t to some dire
tion
hosen as the origin. We 
all it the azimuth.We 
onsider again three events 
onsisting in the emission of �ashes insidea spa
eship �oating freely in spa
e. The �rst segment A 
onne
ts Event E1 toEvent E2. The se
ond segment B 
onne
ts E2 to E3. The azimuthal angle ofthe �rst event is �xed at φ = 0. The angle of the last one is �xed at φ = Φ.The intermediate azimuth is taken as the variable φ. Again in order not to varyeverything at the same time, we assume that the radius r at whi
h the se
ond�ash is emitted stays 
onstant.We follow the same 
hain of reasoning as in the previous se
tion. From themetri
 (3), the time interval τA over the �rst segment is given by its square
τA

2 = −rA
2φ2 + (terms without φ) (12)and the interval τB over the se
ond by

τB
2 = −rB

2(Φ − φ)2 + (terms without φ) (13)from whi
h we get
τAdτA = −rA

2φdφ (14)
τBdτB = rB

2(Φ − φ)dφ (15)By writing dτ/dφ = d(τA + τB)/dφ = 0 one easily obtains, similarly to For-mula (10)
rA

2φA/τA = rB
2φB/τB (16)after having written quite naturally φ = φA and Φ − φ = φB. The left side,whi
h 
ontains only terms that are spe
i�
 to the �rst segment, is equal to theright side, whi
h 
ontains only terms relative to the se
ond segment. We thusexhibit another 
onstant of motion, namely r2dφ/dτ (by shifting ba
k to thedi�erential notation), a quantity that turns out to be identi�ed with the ratioof the angular momentum L of the parti
le to its mass m, whi
h we write as

L/m = r2(dφ/dτ) (17)6 Computing the orbitTe
hni
ally speaking in order to determine the traje
tory of a moving bodyfree from a

eleration we apply the following strategy. Knowing the energy Eand the angular momentum L of the parti
le of mass m (E and L depend onthe initial 
onditions) we 
an follow the position of that parti
le by 
omputing6



the in
rements of its spa
etime 
oordinates t, r and φ as the proper time τ itselfadvan
es. Algebrai
ally for ea
h in
rement dτ of the proper time we 
ompute(or the 
omputer 
al
ulates) the 
orresponding in
rements dt, dr and dφ of the
oordinate of the mobile body. The squares of the in
rements dt and dφ areextra
ted from Equations (11) and (17) in the following form :
dt2 = (E/m)2(1 − 2M/r)−2dτ2 (18)
dφ2 = (L/m)2r−4dτ2 (19)We noti
e that the expression of dr is missing. We get it by transportingthe values of dt and dφ into the metri
 equation (3) and solving it for dr. Thisyields

dr2 =
{

(E/m)2 − (1 − 2M/r)[1 + (L/m)2r−2]
}

dτ2 (20)By dividing both sides of Equations (20) and (19) we dire
tly arrive to theequation of the orbit in polar 
oordinates as
(

1

r2

dr

dφ

)2

=

(

E

L

)2

−

(

1 −

2M

r

) [

(m

L

)2

+
1

r2

] (21)7 The traje
tory of lightThe pre
eding treatment is apparently not relevant to the 
ase of a photon.In fa
t the 
al
ulation of the traje
tory was done by in
rementing the propertime but this latter 
on
ept has no meaning for a photon sin
e the intervalbetween two events that are lo
ated on the wordline of a photon is always equalto zero (as at light velo
ity s = t, the interval τ2 = t2 − s2 vanishes).Nevertheless it happens that by letting the mass of the parti
le tend towardszero, one arrives at the right results. Thus for m = 0 our equation (21) takesthe form
(

1

r2

dr

dφ

)2

=

(

E

L

)2

−

(

1 −

2M

r

)

1

r2
(22)That equation will allow us to determine the deviation of ligth rays passing nearthe sun.It is ne
essary to spe
ify the parameters found in the formulae. First theangular momentum of the moving parti
le at in�nity is equal by de�nition tothe produ
t of its linear momentum p by what is 
alled the impa
t parameter

b, whi
h represents the distan
e between the 
enter of attra
tion (the sun inthe present 
ase) and the initial dire
tion of the velo
ity of the parti
le (see the�gure).
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In other words
L = p b (23)In addition it is known that the momentum p of a photon is equal to its energy

E (with the units that were 
hosen). It results at on
e from this formula that
L/E = b . (24)If the ratio L/E is equal to the impa
t parameter b Equation (22) writes as

(

1

r2

dr

dφ

)2

=
1

b2
−

(

1 −

2M

r

)

1

r2
(25)8 Determination of the de�e
tion angleFormula (25) will allow us to determine the 
hange in the dire
tion of a lightpulse 
aused by the gravitational �eld of the sun. To a
hieve this aim we have tosum up the su

essive in�nitesimal in
rements dφ of the azimuthal angle φ alongthe path. This means that we have to 
arry out the integration of (dφ/dr)drwhen r varies from the minimum distan
e denoted R (R is the radius of thesun if the light ray grazes its surfa
e). We should still multiply that quantitypar 2 to a

ount for both symmetri
al "legs" of the traje
tory (the photon �rstapproa
hes the Sun then re
edes from it).It is ne
essary to stipulate a further point, namely the relation existingbetween the two quantities b and R that we have introdu
ed, and that are notindependent. The point r = R 
orresponds to the pla
e where the light photonis 
losest to the sun. There the photon moves tangentially. Sin
e at that pointthere is no radial 
omponent, we 
an write that the derivative dr/dt vanishes.It su�
es to take the element dr from Equation (25) to �nd immediately

1

b2
=

(

1 −

2M

R

)

1

R2
(26)so that this same equation (25) be
omes

(

1

r2

dr

dφ

)2

=

(

1 −

2M

R

)

1

R2
−

(

1 −

2M

r

)

1

r2
(27)8



The form of the expression di
tates to us to pose
u = R/rwhere u varies between 1 and 0. The last equation (27) then be
omes

(du/dφ)2 = (1 − 2M/R) − (1 − 2Mu/R)u2or
(du/dφ)2 = 1 − u2

− (2M/R)(1 − u3) (28)Consequently the in�nitesimal variation dφ of the azimuth is given in termsof the variation du of R/r by
dφ = [1 − u2

− (2M/R)(1 − u3)]−1/2 du

=
(1 − u2)−1/2du

[1 − (2M/R)(1 − u3)(1 − u2)−1]1/2
(29)The presen
e of the term (1− u2) in Expression (29) en
ourages us to makethe 
hange of variable

u = cosα, 0 < u < 1, 0 < α < π/2whi
h leads to
dφ =

[

1 − (2M/R)(1 − cos3 α) sin−2 α
]

−1/2

dα (30)By observing that
1 − cos3 α

sin2 α
=

(1 − cosα)(1 + cosα + cos2 α)

(1 − cosα)(1 + cosα)
= cosα +

1

1 + cosαwe end up with the �nal equation of the traje
tory under the form
dφ =

[

1 − (2M/R)

(

cosα +
1

1 + cosα

)]

−1/2

dα (31)ave

cosα = R/rIt is interesting to emphasize that so far there have been no approximation.This is quite rewarding.9 Approximations and integrationThe small value of the term M/R will allow us to make an approximation andin this way will make us able to 
omplete the integration. In 
onventional unitsthe mass of the sun is 2× 1033 grams and its radius is 7× 1010 
entimeters. By9



using the fa
tor G/c2 = 7, 4× 10−29 
m/g whi
h makes it possible to transformgrams into 
entimeters, we get
M/R = (G/c2)M(in grams)/R(in 
entimeters) = 2 × 10−6In Equation (31) we 
an thus use the 
lassi
al approximation (1+ǫ)p

≃ 1+p ǫto arrive at
dφ =

[

1 + (M/R)

(

cosα +
1

1 + cosα

)]

dα (32)Therefore the total variation of the azimuth φ along the path of the photon is
φ = 2

∫ π/2

0

[

1 + (M/R)

(

cosα +
1

1 + cosα

)]

dα (33)
= 2

[

α +
M

R

(

sin α + tan
α

2

)

]π/2

0

(34)
= π + 4M/R (35)

The �rst term π gives the total 
hange in the azimuthal angle of the photonwhere there is no Sun present, sin
e in that 
ase the photon follows a straightpath. It is the se
ond term that gives the additional angle of de�e
tion ∆φ withrespe
t to this straight line
∆φ = 4M/R (36)or in 
onventional units
∆φ = 4(G/c2)M(grams)/R(
entimeters) (37)10



Numeri
ally at the surfa
e of the sun (with the values of the mass and theradius given above) one �nds ∆φ = 8, 5 × 10−6 radian, or ( knowing that πradians equal 180 degrees and that there are 60 minutes of ar
 in one degreeand 60 se
onds of ar
 in one minute of ar
)
∆φ = 1, 75”

11


