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BDC E'FGEIHKJML.NPO*Q:R�SUT VWR�X T L�NPL.Y�L�S�JMOWSULZL3[]\(E'F^L3J(X_E`NPR�F�T_EG\UT a^H*NPL3[	S�E'b^a^HK[cX OWdeT HWL�OPf

EIOgF^a^T_[hT HKEIi^L�NPOkj�a^X L�T X(X5C OWHWLlNPL3[`QWSUL�deT m�SUL3[`JMa^HPnKSUd`EG\UT a^HK[o[hQ:L3Jp\�E^JMOWX_EIT SUL3[`NPL�X_E

q
OK[]\UL3[U[hL.NPLZX_E�\UVWR�a^SUT L.NPLZX_E-i^S�E'F�T \�EG\UT a^H`rsE^tMa^HvuDT HK[]\UL�T H�wKY�EIT_[�JMa^dedeL�Hx\@J�EIX_JMOWX LMy5\hy

a^HzJML3[cLM{|LM\�[:}.~@T•NWEIHK[cOWHvJ�E^[€HWT•NWEIHK[cX5C EIOP\USULAT X|H�C boE-NPL(rsE^tMa^Hz[hT deQWX LZN•C bzEISUSUT F^L�S

J�EISZQ:a^OWS�deL�HWL�S�•v‚WT L�HƒX L`J�EIX_JMOWXDT X�rsEIOP\�QWX a^HWi^L�S�NWEIHK[ZX_Ez\UVWR�a^SUT L`NPLeX_E*SUL�X_EG\UT F�T \UR

i^R�HWR�S�EIX L^wW„(OWLZF^a^T X_•�NPa^HKJAOWHWLZ‚:a^HWHWLZaPJ�J�E^[hT a^HvNPL.NPR3JMa^OWF�SUT S	JMLM\h\ULZ\UVWR�a^SUT L(\Ua^OP\�L�H

X5C T X X OK[]\US�EIHx\@[hOWS�OWH*LMfPL�deQWX LD…

B�E�NPR�SUT FGEG\UT a^H†NPL3[�R3‡xOKEG\UT a^HK[�[�C T HK[hQWT SULzNPT SUL3Jp\UL�deL�Hx\eNPLoX_E�QWSUR3[hL�Hx\�EG\UT a^Hˆ‡xO�C L�H

NPa^HWHWL�Hx\€u€NP‰�T HvŠcwx‹
E'b�X a^SDLM\	Œ^a^VWHo•@S�J�VWT ‚KEIX_NeŽ•VWL�L�X L�ScNWEIHK[DX L�OWS€X T F�SUL-•pu�fPQWX a^SUT HWi

‘cX_E^J�’ˆ“@a^X L3[�”�•�Hx\USUaPNPOKJp\UT a^H†\Uaˆ–AL�HWL�S�EIX�—�L�X_EG\UT F�T \]b�•�˜s•�NWNPT_[ha^H™ŽšL3[hX L�b†B�a^HWi^d`EIH�”

›Iœ^œ^œx•

wIuDHoSUL�FGEIHKJ�VWL@X LAJ�EIX_JMOWX:NPL(X5C T Hx\UR�i^S�EIX L@NPa^HWHKEIHx\€X_E�FGEIX L�OWScNPL(X_E.QWSUR3JML3[U[hT a^HeL3[]\

E^NWEIQP\URzNPLvJML�X OWT	NPR�F^L�X a^QWQ:RoQKEIS`jx\UL�F^L�HˆŽšL�T H�‚:L�SUi™˜5–AS�E'F�T \�EG\UT a^HˆEIHKN™ž€ax[hdea^X a^i^b^”

ŸDSUT HKJMT QWX L3[�EIHKNv•@QWQWX T_J�EG\UT a^HK[	aIr�\UVWL�–AL�HWL�S�EIX�‹	VWL�a^SUb`aIr�—�L�X_EG\UT F�T \]b^”WŒ^a^VWHzŽ•T X L�bz 

j�a^HK[�”•¡3¢�£

›^•

w
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j�T•X5C E^[hQ:L3Jp\�‡xOKEIX T \�EG\UT r�LM\	X5C T deQ:a^Sh\�EIHKJMLAVWT_[]\Ua^SUT_‡xOWLANPOzQWVWR�HWa^dem�HWLZNPLZQWSUR3JML3[U[hT a^H

NPLeX5C a^SU‚WT \ULoNPL`Y�L�S�JMOWSUL^”�JIC L3[]\hy�•Gy�NPT SULeNPOˆNPR�QWX_E^JML�deL�Hx\.a^SU‚WT \UL`EIQWSUm3[Za^SU‚WT \UL`NPOƒQ:RMy

SUT VWR�X T Lˆ˜±X L�Q:a^T Hx\oNPL�X_El\US�E
q

L3Jp\Ua^T SULva^²™X_EƒQWX_EIHWmM\UL*L3[]\oX_EšQWX OK[eQWSUaPJ�VWL�NPOkj�a^X L�T X

•

”

[ha^Hx\�NPR3JMSUT \�[.L�HˆNPLoHWa^d�‚WSUL�OPfšL�HKNPSUa^T \�[.X LoJ�EIX_JMOWX€NPLoX5C EIHWi^X LoNPa^Hx\.\Ua^OWSUHWL`X5C L�X X T QK[hL

•zJ�VKE^‡xOWL�SUR�F^a^X OP\UT a^H�L3[]\AS�EISUL�deL�Hx\(T HKNPT_‡xOWR^w�ž(C L3[]\Z•zJMLM\.E^[hQ:L3Jp\AH�OWdeR�SUT_‡xOWL-‡xOWL
q

L

d*C EG\h\�E^J�VWL�S�EIT|T_JMT5w

B�EšSUL�X_EG\UT F�T \UR*i^R�HWR�S�EIX L*HWa^OK[`EIQWQWSUL�HKN™‡xO�C L�H•[hL�NPR�QWX_E^t�EIHx\oNWEIHK[eX5C L3[hQKE^JML*OWHWL

d`E^[U[hLAL�Hzdea^OWF^L�deL�Hx\�X T ‚WSUL^”PJIC L3[]\hy�•Gy�NPT SUL(HWa^H*[ha^OWdeT_[hLZ•�OWHWL.E^J�JMR�X R�S�EG\UT a^HoQKEIS	deaIy

\UL�OWS3”W[hOWT \@OWHWLz³@i^R�aPNPR3[hT_‡xOWL�´vNPL.X5C L3[hQKE^JMLMy5\UL�deQK[�w�•�X�HWa^OK[crsEIOP\(NPa^HKJ-µ

¶

NPRMnKHWT S(JML.‡xO�C L3[]\@OWHWL.i^R�aPNPR3[hT_‡xOWL

¶

\USUa^OWF^L�S	X L3[�R3‡xOKEG\UT a^HK[	NPL�JMLM\h\UL.i^R�aPNPR3[hT_‡xOWLZEIOP\Ua^OWS@NPO�j�a^X L�T X

¶

\USUa^OWF^L�S�X_Eo[ha^X OP\UT a^H�NPL�JML3[�R3‡xOKEG\UT a^HK[�”K‡xOWT
NPa^HWHWL�S�E-X_Ee\US�E
q

L3Jp\Ua^T SUL.[hOWT F�T L.QKEIS

OWHWL�QWX_EIHWmM\UL�˜±L�HeQWSUL�deT m�SUL	EIQWQWSUa'fPT d`EG\UT a^H-JIC L3[]\DOWHWL	L�X X T QK[hL.µIdeL�S�JMTW~@L�‰	\Ua^H.…

•

¶

J�EIX_JMOWX L�S�X5C EIHWi^X L.NPa^Hx\@E�\Ua^OWSUHWRZX5C L�X X T QK[hL�EIQWSUm3[cOWHWL.SUR�F^a^X OP\UT a^HvJMa^deQWX mM\UL

¡
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uDH�deR3J�EIHWT_‡xOWL�HWL�‰	\Ua^HWT L�HWHWL�a^H�NPR3JMSUT \(X L�dea^OWF^L�deL�Hx\AN•C OWHlJMa^SUQK[@NWEIHK[@OWH�L3[]y

QKE^JML.EI‚K[ha^X O*QKEIS�S�EIQWQ:a^Sh\@•-OWH*\UL�deQK[@EI‚K[ha^X O�”WX_E-Q:ax[hT \UT a^H�NPO*dea^‚WT X L�Y ˜ nWfPR�L.QKEIS

[hL3[AJMa�a^S�NPa^HWHWR�L3[([hQKEG\UT_EIX L3[(NWEIHK[AOWHlJML�Sh\�EIT H�SUL�Q:m�SUL

•

RM\�EIHx\ZNPa^HWHWR�L�L�H�r±a^HKJp\UT a^HšNPO

\UL�deQK[

t
wWB�E�\UVWR�a^SUT LANPLZX_E�SUL�X_EG\UT F�T \URANPR3JMX_EISULZ‡xO�C T X|H�C LMfPT_[]\ULZQKE^[cNPLA\UL�deQK[	EI‚K[ha^X OzLM\

‡xOWLeJML�\UL�deQK[ZHWL-Q:L�OP\.QKE^[��M\USULe[hR�QKEISUR�NPL-X5C L3[hQKE^JML^w|uDX X L-S�EIT_[ha^HWHWL-[hOWSZNPL3[! �"# �$&%�'

(

%�$*),+^”GJ�VKE^‡xOWL	R�F^R�HWL�deL�Hx\�RM\�EIHx\DJ�EIS�E^Jp\UR�SUT_[hR€QKEIS�OWH-X T L�O`Y LM\DOWHeT HK[]\�EIHx\

t
w�„(OKEIHKN

a^He[hOWT \€NPL3[�R�F^R�HWL�deL�Hx\DEG\h\�E^J�VWR3[�•AOWH`JMa^SUQK[�X T ‚WSUL	L�Hedea^OWF^L�deL�Hx\3”Ga^HeQKEISUX L	NPL.- / 01$&%

2�3 4
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ž€a^HK[hT_NPR�SUa^HK[-QKEISeLMfPL�deQWX L*OWH™FGEIT_[U[hL3EIO™[hQKEG\UT_EIX�[hL�NPR�QWX_E^t�EIHx\eX T ‚WSUL�deL�Hx\oNWEIHK[

X5C L3[hQKE^JML^”cJIC L3[]\hy�•Gy�NPT SUL�L�H E'bxEIHx\zJMa^OWQ:R�\Ua^OK[v[hL3[odeaI\UL�OWS�[�w	~@a^OK[oT d`EIi^T HWa^HK[z‡xO�C T X

R�deLM\�NPL3[.R3JMX_EIT S�[Z•*T Hx\UL�SUFGEIX X L3[ZSUR�i^OWX T L�S�[AL�HˆE^J�JMa^S�NlE'F^L3J-OWHWL`VWa^SUX a^i^Le[hT \UOWR�LoNWEIHK[

X5C VKEI‚WT \�E^JMX L^w�•@QWQ:L�X a^HK[

�
X5C T Hx\UL�SUFGEIX X Le\UL�deQ:a^SUL�X�X aPJ�EIXDL�Hx\USULoNPL�OPfšR3JMX_EIT S�[.[hOKJ�JML3[U[hT rs[

˜±deL3[hOWSUReNPa^HKJ�QKEISZS�EIQWQ:a^Sh\.EIO�\UL�deQK[ZQWSUa^QWSUL-NPOšFGEIT_[U[hL3EIO

•

w�ž€a^HK[hT_NPR�SUa^HK[(d`EIT Hx\ULMy

HKEIHx\`OWH•EIOP\USUL*SUL�Q:m�SUL^”D‡xOWL�X5C a^H™Q:L�OP\zT d`EIi^T HWL�S`JMa^dedeL�RM\�EIHx\oJMa^HK[]\UT \UOWR�QKEIS`OWH

L�HK[hL�d�‚WX LZNPLZ‚:a^OWR�L3[�NPLZX5C L3[hQKE^JML^”�R�ixEIX L�deL�Hx\	X T ‚WSUL3[	NPLZ\Ua^OP\UL.E^J�JMR�X R�S�EG\UT a^H�”^nWfPL3[cX L3[

OWHWL3[€QKEIScS�EIQWQ:a^Sh\cEIOPfoEIOP\USUL3[(˜sJ�VKE^JMOWHWL(SUL3[]\ULA•.X_E�d8��deLZNPT_[]\�EIHKJMLANPLA[hL3[€F^a^T_[hT HWL3[

•

”

J�VKE^JMOWHWL@Q:a^Sh\�EIHx\c•�X_EZr±a^T_[€OWHWL(T HKNPT_J�EG\UT a^HzNPLA[UE.Q:ax[hT \UT a^Hl˜±QKEIS€LMfPL�deQWX LA[UE�NPT_[]\�EIHKJML

•-OWHWL.a^SUT i^T HWLZNPa^HWHWR�L

•

LM\([UE-QWSUa^QWSULAVWa^SUX a^i^L^wPB�L3[	VWa^SUX a^i^L3[	NPL�JML.NPL�OPfPT m�deL.SUL�Q:m�SUL

[ha^Hx\
[hb�HKJ�VWSUa^HWT_[hR�L3[•L�Hx\USUL€L�X X L3[�w:9AEIHK[
JML€SUL�Q:m�SULDX5C T Hx\UL�SUFGEIX X L€L�Hx\USULcNPL�OPf.R3JMX_EIT S�[€˜sNPL�OPf

R�F^R�HWL�deL�Hx\�[

•

L3[]\.J�EIS�E^Jp\UR�SUT_[hR�QKEISZNPL�OPflHWa^d�‚WSUL3[�µ|X5C T Hx\UL�SUFGEIX X Le[hQKEG\UT_EIX

s
LM\.X5C T Hx\UL�Shy

FGEIX X L(\UL�deQ:a^SUL�X

t
wPŸ�a^OWS	X L3[€\USUa^OWF^L�ScT X�[hO�;e\@NPLZSUR�Q:R�SUL�S�‡xOWL�X X LA‚:a^OWR�LZL3[]\�L�HzrsE^JMLZNPL

X5C R3JMX_EIT SZH=<	¡-LM\�‡xOWL�X X L-L3[]\�JML�X X LeL�HlrsE^JML`NPLeX5C R3JMX_EIT SZH=<

›

L�HšHWaI\�EIHx\.[ha^T i^HWL�OK[hL�deL�Hx\

X5C VWL�OWSUL.NPL3[	R�F^R�HWL�deL�Hx\�[�w

B�LZQWSUT HKJMT Q:L�[hOWS	X L3‡xOWL�X�[hLAr±a^HKNPLZX_E-SUL�X_EG\UT F�T \URZSUL3[]\USUL�T Hx\ULAL3[]\�X L.[hOWT FGEIHx\3wWBDC T Hx\UL�Shy

FGEIX X LzNPL`\UL�deQK[�QWSUa^QWSUL

�
L�Hx\USULoX5C R�F^R�HWL�deL�Hx\�H=<	¡oLM\�X5C R�F^R�HWL�deL�Hx\�H=<

›

L3[]\-NPa^HWHWR

QKEIS�X_E�r±a^SUd�OWX L

� 2 = t2 � s2 ˜]¡

•

LM\�JMLM\h\ULo‡xOKEIHx\UT \UR`L3[]\�T HKNPR�Q:L�HKNWEIHx\ULoNPOƒSUL�Q:m�SUL`J�VWa^T_[hT5w�•@OP\USUL�deL�Hx\�NPT \3”�\Ua^OP\UL3[ZX L3[

a^‚K[hL�SUFGEG\USUT_JML3[([�C E^J�JMa^S�NPL�Hx\Z[hOWSAX_EzFGEIX L�OWS.NPL

�
EIT HK[hT�J�EIX_JMOWX R�L^”|‚WT L�Hƒ‡xOWL-X L3[AFGEIX L�OWS�[

NPL

s
LM\(NPL

t
NPT {|R�SUL�Hx\(N•C OWH�[hbP[]\Um�deL.NPL.SUL�Q:R�S�EIi^LA•eX5C EIOP\USUL^w

—�L�d`EIS�‡xOWL�T deQ:a^Sh\�EIHx\ULoµ|[UEIOPrDT HKNPT_J�EG\UT a^H�JMa^Hx\US�EIT SUL^”WLM\ZJIC L3[]\(X L-J�VWa^T f�‡xOWT�E`RM\UR

rsEIT \-L�H†R3JMSUT FGEIHx\�X5C R3‡xOKEG\UT a^H ˜]¡

•

”
X L3[-NPT_[]\�EIHKJML3[�[hL�SUa^Hx\�LMfPQWSUT deR�L3[�T_JMT	L�H†OWHWT \UR3[-NPL

\UL�deQK[*˜sJMa^dedeL*a^H X LvrsEIT \`[ha^OWF^L�Hx\eL�H™E^[]\USUa^HWa^deT L

•

w�j�T�a^H OP\UT X T_[UEIT \oEIO™JMa^Hx\US�EIT SUL

OWHWLoNPT_[]\�EIHKJML

s
LMfPQWSUT deR�L`L�HƒOWHWT \UR3[v³ZJMa^OWS�EIHx\UL3[D´|”�QKEIS�LMfPL�deQWX L`L�H†JML�Hx\UT demM\USUL3[�”

a^HvNPL�F�S�EIT \	QKE^[U[hL�S	NPLZJMLM\h\UL.NPL�SUHWT m�SULZ•�HWaI\USULANPT_[]\�EIHKJML

s
LMfPQWSUT deR�LAL�Hv[hL3JMa^HKNPL3[cQKEIS

X_EZr±a^SUd�OWX L

s
˜±L�H�[hL3JMa^HKNPL3[

•

= s
˜±L�H�JML�Hx\UT demM\USUL3[

•?>

J	a^²

c
L3[]\cX_EZF�T \UL3[U[hL(NPL@X_E.X OWdeT m�SUL

L�HoOWHWT \UR3[	JMa^OWS�EIHx\UL3[�”^[ha^T \

3� 1010 JMd

>

[�w|˜sB�E�JMa^H�F^L�Hx\UT a^H�˜sJMa^dedeaPNPLD…

•

N•C LMfPQWSUT deL�S

NPT_[]\�EIHKJML�LM\o\UL�deQK[vNWEIHK[oOWHWL�d8��deLlOWHWT \URlR3‡xOWT FGEIOP\v•ˆQWSUL�HKNPSUL�X_EˆF�T \UL3[U[hLlNPL�X_E

X OWdeT m�SULZR�ixEIX L.•-X5C OWHWT \UR^w

•

uDHˆSUL�X_EG\UT F�T \UR`i^R�HWR�S�EIX L^”•X LoQWSUT HKJMT Q:Lz[hL�X a^HƒX L3‡xOWL�XDX5C T Hx\UL�SUFGEIX X LoNPL`\UL�deQK[.QWSUa^QWSUL

L3[]\�T HKNPR�Q:L�HKNWEIHx\€NPOeSUL�Q:m�SUL�J�VWa^T_[hTPSUL3[]\UL	FGEIX_EI‚WX L^”Gd`EIT_[D[hL�OWX L�deL�Hx\�X aPJ�EIX L�deL�Hx\3”IJIC L3[]\hy

•Gy�NPT SUL*•ƒJMa^HKNPT \UT a^HgNPL*SUL3[]\UL�S`•šX5C T Hx\UR�SUT L�OWS`N•C OWHWL�SUR�i^T a^H™[hO�;o[UEIdedeL�Hx\`Q:LM\UT \UL�NPL

›



X5C L3[hQKE^JMLMy5\UL�deQK[Z˜±X_E-\�EIT X X L.NPR�Q:L�HKNWEIHx\(NPL.X_E-QWSUR3JMT_[hT a^HzSUL3‡xOWT_[hL

•

wWB�E-HWa^OWF^L3EIOP\URZQWSUT HPy

JMT QKEIX L.JMa^HKJML�SUHWLAX5C LMfPQWSUL3[U[hT a^HvNPOv\UL�deQK[	QWSUa^QWSULZNPa^HWHWR.QKEIS	X_E�r±a^SUd�OWX L`˜]¡

•

”WX_E^‡xOWL�X X L

[�C LMfPQWSUT deL�S�E�L�H�r±a^HKJp\UT a^H-NPL�JMa�L�;oJMT L�Hx\�[�NPR�Q:L�HKNWEIHx\�NPO-Q:a^T Hx\DJMa^HK[hT_NPR�SURcNPLcX5C L3[hQKE^JMLMy

\UL�deQK[-LM\-QWSUL�HKNPS�E�X LvHWa^d�NPL

(

 �) 6�/

�

4
%Mw
uDH rsEIT \-\Ua^OP\ULzX_Eš[]\USUOKJp\UOWSULvNPLzX5C L3[hQKE^JMLMy

\UL�deQK[�”�LM\�HWaI\�EIdedeL�Hx\�[UE-JMa^OWSU‚WOWSUL^”xL3[]\@JMa^Hx\UL�H�OWLANWEIHK[cX5C LMfPQWSUL3[U[hT a^HoX aPJ�EIX LZNPL

�
LM\

NWEIHK[	X_E�r±a^SUdeL.NPL3[@JMa�L�;oJMT L�Hx\�[�‡xO�C L�X X L.JMa^Hx\UT L�Hx\3w

~@a^OK[(HWa^OK[@T Hx\UR�SUL3[U[ha^HK[�T_JMT�•`X_Ez[]\USUOKJp\UOWSUL�NPL�X5C L3[hQKE^JMLMy5\UL�deQK[@EIOP\Ua^OWSANPOšj�a^X L�T X5w

Ÿ�a^OWSoR3JMSUT SUL�X L3[vJ�VWax[hL3[eX aPJ�EIX L�deL�Hx\zHWa^OK[zJMa^HK[hT_NPR�SUa^HK[`NPL�OPf•R�F^R�HWL�deL�Hx\�[`F^a^T_[hT HK[�”

[hR�QKEISUR3[�QKEIS-OWH†R3J�EISh\-T HPnKHWT \UR3[hT d`EIX�NPL3[-JMa�a^S�NPa^HWHWR�L3[.\UL�deQ:a^SUL�X X LzLM\`[hQKEG\UT_EIX L3[

dt
”

dx
”

dy
LM\

dz
wKj�T�X5C L3[hQKE^JMLARM\�EIT \@QWX_EG\3”WX_E-deRM\USUT_‡xOWL.[hL�S�EIT \@NPL.X_E�r±a^SUdeL

(d� )2 = (dt)2 � (dx)2 � (dy)2 � (dz)2

‡xO�C a^H`R3JMSUT \€S�EIQWT_NPL�deL�Hx\(˜±LM\cOWHoQ:L�OoT HKJMa^SUSUL3Jp\UL�deL�Hx\

•

QKEIS€JMa^H�F^L�Hx\UT a^H`[ha^OK[DX_EZr±a^SUdeL

d� 2 = dt2 � dx2 � dy2 � dz2 ˜

›^•

uDHvJMa�a^S�NPa^HWHWR�L3[D[hQWVWR�SUT_‡xOWL3[�”�NWEIHK[DOWHzQWX_EIHoQKE^[U[UEIHx\€QKEIScX LAJML�Hx\USULANPOvj�a^X L�T X�˜sJMLA‡xOWT

[hOWQWQWSUT deLZOWHWL�JMa�a^S�NPa^HWHWR�LZ[hQKEG\UT_EIX L

•

”WJMLM\h\ULZr±a^SUd�OWX L.NPL�F�T L�Hx\

d� 2 = dt2 � dr2 � r 2d� 2

a^²ZS�SUL�QWSUR3[hL�Hx\UL�X_E�NPT_[]\�EIHKJML€EIO.JML�Hx\USUL�LM\

�
OWH�EIHWi^X LDE���T d�OP\�EIX^NWEIHK[•X LDQWX_EIH.JMa^HK[hT_NPR�SUR

˜±F^a^T S	X_E�nKi^OWSUL.JMT y�NPL3[U[ha^OK[

•

w

Y�EIT_[zX5C L3[hQKE^JMLMy5\UL�deQK[zEIOP\Ua^OWSvN•C OWH E^[]\USUL�i^S�E'F�T \�EIHx\zNPLld`E^[U[hL

M
˜ \USUa^OkHWa^T S3”

F^a^T_[hT HKEIi^L�NPOzj�a^X L�T X

•

H�C L3[]\€QKE^[DQWX_EG\3w^•�XKL3[]\	NPR3JMSUT \€QKEISDX_E

(

 �) 6�/

�

4
%

2
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2

d� 2 = (1 � 2M =r)dt2 � (1 � 2M =r) � 1dr2 � r 2d� 2 ˜��

•

�



u�f�\�E^[hT a^HK[]y8HWa^OK[�µ�‹����(‹	u X_Ev[]\USUOKJp\UOWSULeNPLeX5C L3[hQKE^JMLMy5\UL�deQK[(L3[]\�JMa^Hx\UL�H�OWLeNWEIHK[

JMLM\h\UL`•M[hT deQWX L�•cr±a^SUd�OWX L-˜��

•

wPY ��deLAX L(rsEIdeL�OPfe\USUa^OoHWa^T ScL3[]\c\�EIQWT|NPL�SUSUT m�SUL(JML3[	[hb�d-y

‚:a^X L3[�w

—�L�d`EIS�‡xOWLZµIL�H`‡xOWL�X X L�OWHWT \UR@L3[]\DLMfPQWSUT deR�L	X_EZd`E^[U[hL

M
NWEIHK[DJMLM\h\UL	r±a^SUd�OWX L
}��(H

F^a^T \Z‡xOWL

M
EzX L3[ANPT deL�HK[hT a^HK[ZN•C OWHWL-X a^HWi^OWL�OWS3”:i^S�EIHKNPL�OWSA‡xOWL-HWa^OK[(LMfPQWSUT dea^HK[(T_JMT

L�H�[hL3JMa^HKNPL3[�w*9(a^HKJ

M
L3[]\(LMfPQWSUT deR�L�L�H�[hL3JMa^HKNPL3[�”WX_Eer±a^SUd�OWX L�NPL�JMa^H�F^L�S�[hT a^HvL�Hx\USUL

X_E-d`E^[U[hLZL�Hvi^S�EIdedeL3[cLM\@X_Eed`E^[U[hLAL�H�[hL3JMa^HKNPL3[cRM\�EIHx\

M
˜±L�H*[hL3JMa^HKNPL3[

) = (G=c3)M
˜±L�H*i^S�EIdedeL3[

•

a^²

(G=c3) = 2; 5 � 10� 39 [

>

iPw

j�L�X a^HvX L3[	‚:L3[ha^T HK[�”K[hT•a^Hz\US�E'FGEIT X X L.E'F^L3JANPL3[�JML�Hx\UT demM\USUL3[	a^H*Q:L�OP\@R3JMSUT SULZEIOK[U[hT

M
˜±L�H�JML�Hx\UT demM\USUL3[

) = (G=c2)M
˜±L�H*i^S�EIdedeL3[

•

a^²

(G=c2) = 7; 4 � 10� 29 JMd

>

iWw
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B�E	deRM\USUT_‡xOWL^”�JIC L3[]\hy�•Gy�NPT SUL�˜ \USUm3[•LMfWE^Jp\UL�deL�Hx\

•

X5C LMfPQWSUL3[U[hT a^HAL�H.OWHZQ:a^T Hx\
NPL�X5C L3[hQKE^JMLMy

\UL�deQK[�NPLcX5C T Hx\UL�SUFGEIX X LD\UL�deQ:a^SUL�X�L�Hx\USULcNPL�OPf�R�F^R�HWL�deL�Hx\�[�F^a^T_[hT HK[�”�\US�E^NPOWT \
X_E(QWSUR3[hL�HKJML

N•C OWHWLzJMa^OWSU‚WOWSUL`NPLoX5C L3[hQKE^JMLMy5\UL�deQK[�NPm3[.X5C T HK[]\�EIHx\�a^²ˆJMLM\h\ULoLMfPQWSUL3[U[hT a^Hƒ[�C R3J�EISh\ULoNPL

JML�X X L@NPa^HWHWR�L�L�H�˜

›^•

JMa^SUSUL3[hQ:a^HKNWEIHx\D•AOWH`L3[hQKE^JML	L�OKJMX T_NPT L�H�wPž€LM\h\UL�deRM\USUT_‡xOWL@FGEZHWa^OK[

Q:L�SUdeLM\h\USUL�NPL�J�EIS�E^Jp\UR�SUT_[hL�S�X L�dea^OWF^L�deL�Hx\AN•C OWH�JMa^SUQK[�X T ‚WSUL�NPL�\Ua^OP\UL�E^J�JMR�X R�S�EG\UT a^H�w

uDH�LM{|LM\3”GX_E@SUL�X_EG\UT F�T \UR€SUL3[]\USUL�T Hx\UL€LM\�X_E(SUL�X_EG\UT F�T \UR€i^R�HWR�S�EIX LDHWa^OK[
EIQWQWSUL�HWHWL�Hx\�‡xO�C L�Hx\USUL

NPL�OPf�R�F^R�HWL�deL�Hx\�[

E1
LM\

E2
”IOWH`JMa^SUQK[
X T ‚WSUL�[hOWT \DX L@J�VWL�deT H`‡xOWTPSUL�HKN-d`EGfPT d�OWd X5C T HPy

\UL�SUFGEIX X Lc\UL�deQ:a^SUL�X

�
w��(H-Q:L�OP\cNPT SUL�NPL	rsE^tMa^HeR3‡xOWT FGEIX L�Hx\UL�‡xO�C OWH`JMa^SUQK[�X T ‚WSUL@[hOWT \DOWHWL

i^R�aPNPR3[hT_‡xOWLZNPL.X5C L3[hQKE^JMLMy5\UL�deQK[	LM\(‡xOWL.JMLM\h\UL.QWSUa^QWSUT RM\UR.NPLZd`EGfPT deT_[UEG\UT a^H*NPL.X5C T Hx\UL�Shy

FGEIX X LA\UL�deQ:a^SUL�X�JMa^HK[]\UT \UOWL.X_EeNPRMnKHWT \UT a^H�N•C OWHWL.i^R�aPNPR3[hT_‡xOWL^w
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6?%�‡xOWT�FGE@HWa^OK[�Q:L�SUdeLM\h\USUL

NPL.\USUa^OWF^L�S�X L3[@R3‡xOKEG\UT a^HK[@N•C OWHWL�i^R�aPNPR3[hT_‡xOWL^wWuDX X L�FGE`R�ixEIX L�deL�Hx\@HWa^OK[@NPa^HWHWL�S(X5C LMf�y

QWSUL3[U[hT a^HeNPL@X5C R�HWL�SUi^T L�LM\cNPOedea^deL�Hx\cEIHWi^OWX_EIT SUL�N•C OWHWL@QKEISh\UT_JMOWX L�a^SU‚WT \�EIHx\€EIOP\Ua^OWS€NPO

JML�Hx\USUL.EG\h\US�E^Jp\UT r]w
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•@QWQWX T_‡xOWa^HK[DX L@QWSUT HKJMT Q:L@NPL@d`EGfPT deT_[UEG\UT a^H`NPL@X5C T Hx\UL�SUFGEIX X L@NPL	\UL�deQK[DQWSUa^QWSUL@NPL�X_E

rsE^tMa^H�[hOWT FGEIHx\UL^w|j�OWQWQ:ax[ha^HK[(‡xO�C OWH�FGEIT_[U[hL3EIO�[hQKEG\UT_EIX�NPa^Hx\(X L3[@deaI\UL�OWS�[([ha^Hx\(JMa^OWQ:R3[

\Ua^d�‚:L€F^L�S�[�X_E@d`E^[U[hLcEG\h\US�E^Jp\UT F^L€JML�Hx\US�EIX Lc[hL�X a^H.OWHWLca^SU‚WT \UL€S�E^NPT_EIX L(˜sNPa^HKJDSUL3Jp\UT X T i^HWL

•

w

‹�SUa^T_[�R3JMX_EIT S�[�[hOKJ�JML3[U[hT rs[@F^a^T_[hT HK[�NWEIHK[@X L.\UL�deQK[@LM\ZNWEIHK[�X5C L3[hQKE^JML�[ha^Hx\(R�deT_[(NWEIHK[�X_E

J�EI‚WT HWL^w•~@a^OK[Za^‚K[hL�SUF^a^HK[(JML3[A\USUa^T_[(R�F^R�HWL�deL�Hx\�[.NWEIHK[AOWHƒJML�Sh\�EIT HlSUL�Q:m�SUL-LMf�\UR�SUT L�OWS3w
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9AEIHK[�JML�NPL�SUHWT L�S�X5C R�F^R�HWL�deL�Hx\

E1
JMa^HK[hT_[]\UL	L�H-X5C R�deT_[U[hT a^HeN•C OWHeR3JMX_EIT S�EIO�\UL�deQK[

t = 0
‡xOKEIHKN�X_E*J�EI‚WT HWLe[hQKEG\UT_EIX Le[hL�\USUa^OWF^LeEIOšS�E'b^a^H

r1
w�BDC R3JMX_EIT S

E2
L3[]\.R�deT_[ZEIOl\UL�deQK[

t
‡xOKEIHKNšX_E�J�EI‚WT HWL`L3[]\-EIOˆS�E'b^a^H

r2
w
BDC R3JMX_EIT S

E3
L3[]\�R�deT_[�EIOƒ\UL�deQK[

T
‡xOKEIHKNšX_E

J�EI‚WT HWL�L3[]\AL�H

r3
w|B�Eo‡xOKEIHx\UT \UR

T
L3[]\Z[hOWQWQ:ax[hR�L�Q:LM\UT \UL^w•~@a^OK[([hOWQWQ:ax[ha^HK[AEIX a^S�[@‡xOWL

HWa^OK[
rsEIT_[ha^HK[
FGEISUT L�S�X L3[�JMa�a^S�NPa^HWHWR�L3[�NPL	X5C R�F^R�HWL�deL�Hx\�T Hx\UL�SUdeR3NPT_EIT SUL

E2
w^B�L	QWSUT HKJMT Q:L

NPL`d`EGfPT deT_[UEG\UT a^HˆNPOƒ\UL�deQK[�QWSUa^QWSULeR�HWa^HKJMLz‡xOWL`X_E*i^R�aPNPR3[hT_‡xOWL`QKEISh\�EIHx\�NPL

E1
LM\

EI‚:a^OP\UT_[U[UEIHx\eL�H

E3
QKE^[U[hL�S�E�QKEIS`X5C R�F^R�HWL�deL�Hx\

E2
SUL�HKNWEIHx\`d`EGfPT d�OWd X5C T Hx\UL�SUFGEIX X L

\UL�deQ:a^SUL�X•QWSUa^QWSUL

� = � A + � B ;
˜

3
•

a^²

� A
deL3[hOWSUL(X5C T Hx\UL�SUFGEIX X LZ[hOWScX LAQWSUL�deT L�S	[hL�i^deL�Hx\

A
NPLAX5C L3[hQKE^JMLMy5\UL�deQK[€SUL�X T_EIHx\

E1
LM\

E2
LM\

� B
deL3[hOWSUL.X5C T Hx\UL�SUFGEIX X LZ\UL�deQ:a^SUL�X
[hOWS(X L�[hL3JMa^HKN*[hL�i^deL�Hx\

B
SUL�X T_EIHx\

E2
LM\

E3
w

Ÿ�a^OWS	HWLAQKE^[DrsEIT SUL@\Ua^OP\�FGEISUT L�Sc•�X_E�r±a^T_[�”xHWa^OK[	[hOWQWQ:ax[ha^HK[cNWEIHK[cJMLM\h\ULZLMfPQ:R�SUT L�HKJML

‡xOWLzX_E�Q:ax[hT \UT a^H NPL3[�S�E'b^a^HK[

r1
”

r2
LM\

r3
L3[]\-nWfPR�LzLM\e‡xOWLv[hL�OWX	X5C T HK[]\�EIHx\

t
a^²†L3[]\

R�deT_[	X5C R3JMX_EIT S�H
<

›

FGEISUT L^w�9�C EIQWSUm3[	X_E�r±a^SUd�OWX L`˜��

•

X5C T Hx\UL�SUFGEIX X LA\UL�deQ:a^SUL�X•QWSUa^QWSULAQ:a^OWS

X LZQWSUL�deT L�S@[hL�i^deL�Hx\

A
L3[]\(NPa^HWHWRZQKEIS@[ha^H*J�EISUSUR

� A
2 = (1 � 2M =rA )t2 +

˜ \UL�SUdeL3[	HWL�JMa^Hx\UL�HKEIHx\�QKE^[

t
•

˜��

•

N•C a^²va^H*NPR3NPOWT \

� A d� A = (1 � 2M =rA )tdt
˜��

•

B�L@\UL�deQK[cR3JMa^OWX RA[hOWS€X LZ[hL�i^deL�Hx\

B
L�Hx\USUL@X L3[€R�F^R�HWL�deL�Hx\�[

E2
LM\

E3
L3[]\

(T � t)
”

LM\@QKEIS�JMa^HK[hR3‡xOWL�Hx\�X_EeNPOWSUR�LZQWSUa^QWSUL

� B
L3[]\@NPa^HWHWR�L.QKEIS

� B
2 = (1 � 2M =r)(T � t)2 +

˜ \UL�SUdeL3[	HWL�JMa^Hx\UL�HKEIHx\	QKE^[

t
•

˜8£

•

N•C a^²va^H*NPR3NPOWT \

� B d� B = � (1 � 2M =rB )(T � t)dt:
˜��

•

Ÿ�a^OWS	SUL�HKNPSUL(d`EGfPT d�OWd X5C T Hx\UL�SUFGEIX X L@\UL�deQ:a^SUL�X:\UaI\�EIX

� = � A + � B
QKEIScS�EIQWQ:a^Sh\c•

OWHWL.FGEISUT_EG\UT a^H

dt
NPOv\UL�deQK[

t
”WHWa^OK[	R3JMSUT F^a^HK[

d�
dt

=
d� A

dt
+

d� B

dt
= 0

˜s¢

•

uDHZ\UT S�EIHx\

d� A
LM\

d� B
NPL3[�R3‡xOKEG\UT a^HK[D˜��

•

LM\c˜��

•

LM\�L�H.Q:ax[UEIHx\�NPL�rsE^tMa^HZ\Ua^OP\ULDHKEG\UOWSUL�X X L

t = tA
LM\

T � t = tB
”WT X�F�T L�Hx\	rsE^JMT X L�deL�Hx\

(1 � 2M =rA )( tA =�A ) = (1 � 2M =rB )( tB =�B ) :
˜]¡

œx•

B�L.deL�d�‚WSUL.NPL.ixEIOKJ�VWL.NPL�JMLM\h\UL.R3‡xOKEG\UT a^HvHWL�NPR�Q:L�HKN�‡xOWL�NPL3[	QKEIS�EIdemM\USUL3[�NPO*QWSULMy

deT L�SZ[hL�i^deL�Hx\Z• ˜sJMa^HWHWL3Jp\�EIHx\

E1
•

E2
•

”|X L-deL�d�‚WSUL-NPLeNPSUa^T \UL�HWL-NPR�Q:L�HKNl‡xOWLeNPL

JML�OPfvNPO�[hL3JMa^HKNv[hL�i^deL�Hx\@‘ ˜sJMa^HWHWL3Jp\�EIHx\

E2
•

E3
•

w

B�E.‡xOKEIHx\UT \UR	deT_[hL�L�HeR�F�T_NPL�HKJML�NWEIHK[�X5C R3‡xOKEG\UT a^H*˜]¡

œx•

HWL@NPR�Q:L�HKN-QKE^[DNPO`[hL�i^deL�Hx\

J�VWa^T_[hT|Q:a^OWS�X_E-J�EIX_JMOWX L�S3w:ž(C L3[]\@NPa^HKJ(OWHWL�JMa^HK[]\�EIHx\ULZNPOvdea^OWF^L�deL�Hx\@NPLZX_E-QKEISh\UT_JMOWX L

X T ‚WSUL.JMa^HK[hT_NPR�SUR�L^w�9(L.‚:a^HWHWL3[	S�EIT_[ha^HK[cQWV�bP[hT_‡xOWL3[.˜±L�HvQKEISh\UT_JMOWX T L�S�Q:a^OWS�SULM\USUa^OWF^L�ScX L3[

r±a^SUd�OWX L3[�NPL€X_E	SUL�X_EG\UT F�T \URDSUL3[]\USUL�T Hx\UL

•

JMa^HKNPOWT_[hL�Hx\�•�T_NPL�Hx\UT nKL�S
JMLM\h\ULcJMa^HK[]\�EIHx\ULDJMa^dedeL

�



X L.S�EIQWQ:a^Sh\(NPL.X5C R�HWL�SUi^T L

E
NPO�JMa^SUQK[	L�H�dea^OWF^L�deL�Hx\(•`[UEed`E^[U[hL

m
w:~@a^OK[�R3JMSUT F^a^HK[

NPa^HKJZJMLZSUR3[hOWX \�EG\@J�EIQWT \�EIX�[ha^OK[cX_E-r±a^SUdeL

E=m = (1 � 2M =r)(dt=d� )
˜]¡^¡

•

LMfPQWSUL3[U[hT a^HzNWEIHK[	X_E^‡xOWL�X X LZHWa^OK[�[ha^dedeL3[cSUL�F^L�H�OWL3[	•-X_E-HWaI\�EG\UT a^HvNPT {|R�SUL�Hx\UT L�X X LZQ:a^OWS

X L3[	T Hx\UL�SUFGEIX X L3[

t
LM\

�
w

•�HKJMT_NPL�dedeL�Hx\	a^H`SUL�d`EIS�‡xOWL(‡xO�C E'F^L3J	X L3[€OWHWT \UR3[c‡xOWL(HWa^OK[cE'F^a^HK[DJ�VWa^T_[hT L3[�”^X5C R�HWL�Shy

i^T L

E
LM\.X_Evd`E^[U[hL

M
[�C LMfPQWSUT deL�Hx\.E'F^L3J�X_Ezd8��deLeOWHWT \UR^”�QKEISZLMfPL�deQWX L-X_E*[hL3JMa^HKNPL

˜±a^OvX L�JML�Hx\UT demM\USUL

•

w
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~@a^OK[oE'F^a^HK[eEIQWQWX T_‡xOWR�X L�QWSUT HKJMT Q:L�NPL�d`EGfPT deT_[UEG\UT a^HgNPL�X5C T Hx\UL�SUFGEIX X Lv\UL�deQ:a^SUL�X

QWSUa^QWSULZL�H*rsEIT_[UEIHx\�FGEISUT L�S@X LZ\UL�deQK[(NPL�X5C R�F^R�HWL�deL�Hx\@T Hx\UL�SUdeR3NPT_EIT SUL^wW—�L3JMa^dedeL�HKtMa^HK[

X_Eed8��deL�a^Q:R�S�EG\UT a^Hvd`EIT_[@L�HvrsEIT_[UEIHx\@FGEISUT L�S(JMLM\h\UL.r±a^T_[�X5C EIHWi^X L

�
NPL�JMLM\(R�F^R�HWL�deL�Hx\3”

EIHWi^X Lc[hL�SUFGEIHx\�•(SUL�Q:R�SUL�S�X_EANPT SUL3Jp\UT a^H-NPO�dea^‚WT X LcQKEIS
S�EIQWQ:a^Sh\�•(OWHWL	NPT SUL3Jp\UT a^H�a^SUT i^T HWL

LM\.‡xOWL�HWa^OK[ZEIQWQ:L�X X L�SUa^HK[(E���T d�OP\3w•~@a^OK[AJMa^HK[hT_NPR�SUa^HK[(•oHWa^OWF^L3EIO�\USUa^T_[(R�F^R�HWL�deL�Hx\�[

JMa^HK[hT_[]\�EIHx\�L�H†X5C R�deT_[U[hT a^H N•C OWH†R3JMX_EIT S-•�X5C T Hx\UR�SUT L�OWS-N•C OWH FGEIT_[U[hL3EIO†[hQKEG\UT_EIX��KaI\h\�EIHx\

X T ‚WSUL�deL�Hx\.NWEIHK[(X5C L3[hQKE^JML^w|B�L-QWSUL�deT L�SZ[hL�i^deL�Hx\

A
SUL�X T L�X5C R�F^R�HWL�deL�Hx\

E1
•zX5C R�F^R�HWLMy

deL�Hx\

E2
w�B�Lo[hL�i^deL�Hx\

B
SUL�X T L

E2
•

E3
w�BDC EIHWi^X L`NPOšQWSUL�deT L�S.R�F^R�HWL�deL�Hx\.L3[]\ZnWfPR

•

� = 0
”�X5C EIHWi^X LzNPO†NPL�SUHWT L�S-•

� = �
\�EIHKNPT_[�‡xOWLzX5C EIHWi^X L`T Hx\UL�SUdeR3NPT_EIT SUL`L3[]\-QWSUT_[

JMa^dedeL*FGEISUT_EI‚WX L^”�LM\`R�ixEIX@•

�
w
9(L�HWa^OWF^L3EIO�”�Q:a^OWS`HWL*QKE^[-rsEIT SULvFGEISUT L�S-\Ua^OP\z•lX_E

r±a^T_[�”|HWa^OK[A[hOWQWQ:ax[ha^HK[A‡xOWL-X L-S�E'b^a^H
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