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BDC E'FGEIHKJML.NPO*Q:R�SUT VWR�X T L�NPL.Y�L�S�JMOWSULZL3[]\(E'F^L3J(X_E`NPR�F�T_EG\UT a^H*NPL3[	S�E'b^a^HK[cX OWdeT HWL�OPf
EIOgF^a^T_[hT HKEIi^L�NPOkj�a^X L�T X(X5C OWHWLlNPL3[`QWSUL�deT m�SUL3[`JMa^HPnKSUd`EG\UT a^HK[o[hQ:L3Jp\�E^JMOWX_EIT SUL3[`NPL�X_E
q OK[]\UL3[U[hL.NPLZX_E�\UVWR�a^SUT L.NPLZX_E-i^S�E'F�T \�EG\UT a^H`rsE^tMa^HvuDT HK[]\UL�T H�wKY�EIT_[�JMa^dedeL�Hx\@J�EIX_JMOWX LMy5\hy
a^HzJML3[cLM{|LM\�[:}.~@T�NWEIHK[cOWHvJ�E^[�HWT�NWEIHK[cX5C EIOP\USULAT X|H�C boE-NPL(rsE^tMa^Hz[hT deQWX LZN�C bzEISUSUT F^L�S
J�EISZQ:a^OWS�deL�HWL�S��v�WT L�H�X L`J�EIX_JMOWXDT X�rsEIOP\�QWX a^HWi^L�S�NWEIHK[ZX_Ez\UVWR�a^SUT L`NPLeX_E*SUL�X_EG\UT F�T \UR
i^R�HWR�S�EIX L^wW�(OWLZF^a^T X_��NPa^HKJAOWHWLZ�:a^HWHWLZaPJ�J�E^[hT a^HvNPL.NPR3JMa^OWF�SUT S	JMLM\h\ULZ\UVWR�a^SUT L(\Ua^OP\�L�H
X5C T X X OK[]\US�EIHx\@[hOWS�OWH*LMfPL�deQWX LD�
B�E�NPR�SUT FGEG\UT a^H�NPL3[�R3�xOKEG\UT a^HK[�[�C T HK[hQWT SULzNPT SUL3Jp\UL�deL�Hx\eNPLoX_E�QWSUR3[hL�Hx\�EG\UT a^H��xO�C L�H

NPa^HWHWL�Hx\�u�NP��T Hv�cwx�
E'b�X a^SDLM\	�^a^VWHo�@S�J�VWT �KEIX_Ne��VWL�L�X L�ScNWEIHK[DX L�OWS�X T F�SUL-�pu�fPQWX a^SUT HWi
�cX_E^J����@a^X L3[�����Hx\USUaPNPOKJp\UT a^H�\Ua��AL�HWL�S�EIX���L�X_EG\UT F�T \]b����s��NWNPT_[ha^H���L3[hX L�b�B�a^HWi^d`EIH��
�I�^�^�x� wIuDHoSUL�FGEIHKJ�VWL@X LAJ�EIX_JMOWX:NPL(X5C T Hx\UR�i^S�EIX L@NPa^HWHKEIHx\�X_E�FGEIX L�OWScNPL(X_E.QWSUR3JML3[U[hT a^HeL3[]\
E^NWEIQP\URzNPLvJML�X OWT	NPR�F^L�X a^QWQ:RoQKEIS`jx\UL�F^L�H���L�T H��:L�SUi��5�AS�E'F�T \�EG\UT a^H�EIHKN���ax[hdea^X a^i^b^�
�DSUT HKJMT QWX L3[�EIHKNv�@QWQWX T_J�EG\UT a^HK[	aIr�\UVWL��AL�HWL�S�EIX��	VWL�a^SUb`aIr���L�X_EG\UT F�T \]b^�W�^a^VWHz��T X L�bz 
j�a^HK[���¡3¢�£ �^� w
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j�T�X5C E^[hQ:L3Jp\��xOKEIX T \�EG\UT r�LM\	X5C T deQ:a^Sh\�EIHKJMLAVWT_[]\Ua^SUT_�xOWLANPOzQWVWR�HWa^dem�HWLZNPLZQWSUR3JML3[U[hT a^H
NPLeX5C a^SU�WT \ULoNPL`Y�L�S�JMOWSUL^��JIC L3[]\hy��Gy�NPT SULeNPO�NPR�QWX_E^JML�deL�Hx\.a^SU�WT \UL`EIQWSUm3[Za^SU�WT \UL`NPO�Q:RMy
SUT VWR�X T L��±X L�Q:a^T Hx\oNPL�X_El\US�E q L3Jp\Ua^T SULva^²�X_E�QWX_EIHWmM\UL*L3[]\oX_E�QWX OK[eQWSUaPJ�VWL�NPOkj�a^X L�T X � �
[ha^Hx\�NPR3JMSUT \�[.L�H�NPLoHWa^d��WSUL�OPf�L�HKNPSUa^T \�[.X LoJ�EIX_JMOWX�NPLoX5C EIHWi^X LoNPa^Hx\.\Ua^OWSUHWL`X5C L�X X T QK[hL
�zJ�VKE^�xOWL�SUR�F^a^X OP\UT a^H�L3[]\AS�EISUL�deL�Hx\(T HKNPT_�xOWR^w��(C L3[]\Z�zJMLM\.E^[hQ:L3Jp\AH�OWdeR�SUT_�xOWL-�xOWL q L
d*C EG\h\�E^J�VWL�S�EIT|T_JMT5w
B�E�SUL�X_EG\UT F�T \UR*i^R�HWR�S�EIX L*HWa^OK[`EIQWQWSUL�HKN��xO�C L�H�[hL�NPR�QWX_E^t�EIHx\oNWEIHK[eX5C L3[hQKE^JML*OWHWL

d`E^[U[hLAL�Hzdea^OWF^L�deL�Hx\�X T �WSUL^�PJIC L3[]\hy��Gy�NPT SUL(HWa^H*[ha^OWdeT_[hLZ��OWHWL.E^J�JMR�X R�S�EG\UT a^HoQKEIS	deaIy
\UL�OWS3�W[hOWT \@OWHWLz³@i^R�aPNPR3[hT_�xOWL�´vNPL.X5C L3[hQKE^JMLMy5\UL�deQK[�w���X�HWa^OK[crsEIOP\(NPa^HKJ-µ
¶ NPRMnKHWT S(JML.�xO�C L3[]\@OWHWL.i^R�aPNPR3[hT_�xOWL
¶ \USUa^OWF^L�S	X L3[�R3�xOKEG\UT a^HK[	NPL�JMLM\h\UL.i^R�aPNPR3[hT_�xOWLZEIOP\Ua^OWS@NPO�j�a^X L�T X
¶ \USUa^OWF^L�S�X_Eo[ha^X OP\UT a^H�NPL�JML3[�R3�xOKEG\UT a^HK[��K�xOWT
NPa^HWHWL�S�E-X_Ee\US�E q L3Jp\Ua^T SUL.[hOWT F�T L.QKEISOWHWL�QWX_EIHWmM\UL��±L�HeQWSUL�deT m�SUL	EIQWQWSUa'fPT d`EG\UT a^H-JIC L3[]\DOWHWL	L�X X T QK[hL.µIdeL�S�JMTW~@L��	\Ua^H.� �
¶ J�EIX_JMOWX L�S�X5C EIHWi^X L.NPa^Hx\@E�\Ua^OWSUHWRZX5C L�X X T QK[hL�EIQWSUm3[cOWHWL.SUR�F^a^X OP\UT a^HvJMa^deQWX mM\UL
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uDH�deR3J�EIHWT_�xOWL�HWL��	\Ua^HWT L�HWHWL�a^H�NPR3JMSUT \(X L�dea^OWF^L�deL�Hx\AN�C OWHlJMa^SUQK[@NWEIHK[@OWH�L3[]y
QKE^JML.EI�K[ha^X O*QKEIS�S�EIQWQ:a^Sh\@�-OWH*\UL�deQK[@EI�K[ha^X O��WX_E-Q:ax[hT \UT a^H�NPO*dea^�WT X L�Y � nWfPR�L.QKEIS
[hL3[AJMa�a^S�NPa^HWHWR�L3[([hQKEG\UT_EIX L3[(NWEIHK[AOWHlJML�Sh\�EIT H�SUL�Q:m�SUL � RM\�EIHx\ZNPa^HWHWR�L�L�H�r±a^HKJp\UT a^H�NPO
\UL�deQK[

t
wWB�E�\UVWR�a^SUT LANPLZX_E�SUL�X_EG\UT F�T \URANPR3JMX_EISULZ�xO�C T X|H�C LMfPT_[]\ULZQKE^[cNPLA\UL�deQK[	EI�K[ha^X OzLM\

�xOWLeJML�\UL�deQK[ZHWL-Q:L�OP\.QKE^[��M\USULe[hR�QKEISUR�NPL-X5C L3[hQKE^JML^w|uDX X L-S�EIT_[ha^HWHWL-[hOWSZNPL3[! �"# �$&%�'
( %�$*),+^�GJ�VKE^�xOWL	R�F^R�HWL�deL�Hx\�RM\�EIHx\DJ�EIS�E^Jp\UR�SUT_[hR�QKEIS�OWH-X T L�O`Y LM\DOWHeT HK[]\�EIHx\ t w��(OKEIHKNa^He[hOWT \�NPL3[�R�F^R�HWL�deL�Hx\DEG\h\�E^J�VWR3[��AOWH`JMa^SUQK[�X T �WSUL	L�Hedea^OWF^L�deL�Hx\3�Ga^HeQKEISUX L	NPL.- / 01$&%
2�3 4 $*/5"#%�67+pw
��a^HK[hT_NPR�SUa^HK[-QKEISeLMfPL�deQWX L*OWH�FGEIT_[U[hL3EIO�[hQKEG\UT_EIX�[hL�NPR�QWX_E^t�EIHx\eX T �WSUL�deL�Hx\oNWEIHK[

X5C L3[hQKE^JML^�cJIC L3[]\hy��Gy�NPT SUL�L�H E'bxEIHx\zJMa^OWQ:R�\Ua^OK[v[hL3[odeaI\UL�OWS�[�w	~@a^OK[oT d`EIi^T HWa^HK[z�xO�C T X
R�deLM\�NPL3[.R3JMX_EIT S�[Z�*T Hx\UL�SUFGEIX X L3[ZSUR�i^OWX T L�S�[AL�H�E^J�JMa^S�NlE'F^L3J-OWHWL`VWa^SUX a^i^Le[hT \UOWR�LoNWEIHK[
X5C VKEI�WT \�E^JMX L^w��@QWQ:L�X a^HK[

τ
X5C T Hx\UL�SUFGEIX X Le\UL�deQ:a^SUL�X�X aPJ�EIXDL�Hx\USULoNPL�OPf�R3JMX_EIT S�[.[hOKJ�JML3[U[hT rs[

�±deL3[hOWSUReNPa^HKJ�QKEISZS�EIQWQ:a^Sh\.EIO�\UL�deQK[ZQWSUa^QWSUL-NPO�FGEIT_[U[hL3EIO � w���a^HK[hT_NPR�SUa^HK[(d`EIT Hx\ULMy
HKEIHx\`OWH�EIOP\USUL*SUL�Q:m�SUL^�D�xOWL�X5C a^H�Q:L�OP\zT d`EIi^T HWL�S`JMa^dedeL�RM\�EIHx\oJMa^HK[]\UT \UOWR�QKEIS`OWH
L�HK[hL�d��WX LZNPLZ�:a^OWR�L3[�NPLZX5C L3[hQKE^JML^��R�ixEIX L�deL�Hx\	X T �WSUL3[	NPLZ\Ua^OP\UL.E^J�JMR�X R�S�EG\UT a^H��^nWfPL3[cX L3[
OWHWL3[�QKEIScS�EIQWQ:a^Sh\cEIOPfoEIOP\USUL3[(�sJ�VKE^JMOWHWL(SUL3[]\ULA�.X_E�d8��deLZNPT_[]\�EIHKJMLANPLA[hL3[�F^a^T_[hT HWL3[ � �
J�VKE^JMOWHWL@Q:a^Sh\�EIHx\c��X_EZr±a^T_[�OWHWL(T HKNPT_J�EG\UT a^HzNPLA[UE.Q:ax[hT \UT a^Hl�±QKEIS�LMfPL�deQWX LA[UE�NPT_[]\�EIHKJML
�-OWHWL.a^SUT i^T HWLZNPa^HWHWR�L � LM\([UE-QWSUa^QWSULAVWa^SUX a^i^L^wPB�L3[	VWa^SUX a^i^L3[	NPL�JML.NPL�OPfPT m�deL.SUL�Q:m�SUL
[ha^Hx\
[hb�HKJ�VWSUa^HWT_[hR�L3[�L�Hx\USUL�L�X X L3[�w:9AEIHK[
JML�SUL�Q:m�SULDX5C T Hx\UL�SUFGEIX X L�L�Hx\USULcNPL�OPf.R3JMX_EIT S�[��sNPL�OPf
R�F^R�HWL�deL�Hx\�[ � L3[]\.J�EIS�E^Jp\UR�SUT_[hR�QKEISZNPL�OPflHWa^d��WSUL3[�µ|X5C T Hx\UL�SUFGEIX X Le[hQKEG\UT_EIX

s
LM\.X5C T Hx\UL�Shy

FGEIX X L(\UL�deQ:a^SUL�X
t
wP��a^OWS	X L3[�\USUa^OWF^L�ScT X�[hO�;e\@NPLZSUR�Q:R�SUL�S��xOWL�X X LA�:a^OWR�LZL3[]\�L�HzrsE^JMLZNPL

X5C R3JMX_EIT SZH=<	¡-LM\��xOWL�X X L-L3[]\�JML�X X LeL�HlrsE^JML`NPLeX5C R3JMX_EIT SZH=< � L�H�HWaI\�EIHx\.[ha^T i^HWL�OK[hL�deL�Hx\
X5C VWL�OWSUL.NPL3[	R�F^R�HWL�deL�Hx\�[�w
B�LZQWSUT HKJMT Q:L�[hOWS	X L3�xOWL�X�[hLAr±a^HKNPLZX_E-SUL�X_EG\UT F�T \URZSUL3[]\USUL�T Hx\ULAL3[]\�X L.[hOWT FGEIHx\3wWBDC T Hx\UL�Shy

FGEIX X LzNPL`\UL�deQK[�QWSUa^QWSUL
τ
L�Hx\USULoX5C R�F^R�HWL�deL�Hx\�H=<	¡oLM\�X5C R�F^R�HWL�deL�Hx\�H=< � L3[]\-NPa^HWHWR

QKEIS�X_E�r±a^SUd�OWX L
τ2 = t2 − s2

�]¡ �
LM\�JMLM\h\ULo�xOKEIHx\UT \UR`L3[]\�T HKNPR�Q:L�HKNWEIHx\ULoNPO�SUL�Q:m�SUL`J�VWa^T_[hT5w��@OP\USUL�deL�Hx\�NPT \3��\Ua^OP\UL3[ZX L3[
a^�K[hL�SUFGEG\USUT_JML3[([�C E^J�JMa^S�NPL�Hx\Z[hOWSAX_EzFGEIX L�OWS.NPL

τ
EIT HK[hT�J�EIX_JMOWX R�L^�|�WT L�H��xOWL-X L3[AFGEIX L�OWS�[

NPL
s
LM\(NPL

t
NPT {|R�SUL�Hx\(N�C OWH�[hbP[]\Um�deL.NPL.SUL�Q:R�S�EIi^LA�eX5C EIOP\USUL^w

��L�d`EIS��xOWL�T deQ:a^Sh\�EIHx\ULoµ|[UEIOPrDT HKNPT_J�EG\UT a^H�JMa^Hx\US�EIT SUL^�WLM\ZJIC L3[]\(X L-J�VWa^T f��xOWT�E`RM\UR
rsEIT \-L�H�R3JMSUT FGEIHx\�X5C R3�xOKEG\UT a^H �]¡ � �
X L3[-NPT_[]\�EIHKJML3[�[hL�SUa^Hx\�LMfPQWSUT deR�L3[�T_JMT	L�H�OWHWT \UR3[-NPL
\UL�deQK[*�sJMa^dedeL*a^H X LvrsEIT \`[ha^OWF^L�Hx\eL�H�E^[]\USUa^HWa^deT L � w�j�T�a^H OP\UT X T_[UEIT \oEIO�JMa^Hx\US�EIT SUL
OWHWLoNPT_[]\�EIHKJML

s
LMfPQWSUT deR�L`L�H�OWHWT \UR3[v³ZJMa^OWS�EIHx\UL3[D´|��QKEIS�LMfPL�deQWX L`L�H�JML�Hx\UT demM\USUL3[��

a^HvNPL�F�S�EIT \	QKE^[U[hL�S	NPLZJMLM\h\UL.NPL�SUHWT m�SULZ��HWaI\USULANPT_[]\�EIHKJML
s
LMfPQWSUT deR�LAL�Hv[hL3JMa^HKNPL3[cQKEIS

X_EZr±a^SUd�OWX L
s
�±L�H�[hL3JMa^HKNPL3[ �

= s
�±L�H�JML�Hx\UT demM\USUL3[ �?> J	a^²

c
L3[]\cX_EZF�T \UL3[U[hL(NPL@X_E.X OWdeT m�SUL

L�HoOWHWT \UR3[	JMa^OWS�EIHx\UL3[��^[ha^T \
3× 1010 JMd > [�w|�sB�E�JMa^H�F^L�Hx\UT a^H��sJMa^dedeaPNPLD� � N�C LMfPQWSUT deL�SNPT_[]\�EIHKJML�LM\o\UL�deQK[vNWEIHK[oOWHWL�d8��deLlOWHWT \URlR3�xOWT FGEIOP\v��QWSUL�HKNPSUL�X_E�F�T \UL3[U[hLlNPL�X_E

X OWdeT m�SULZR�ixEIX L.�-X5C OWHWT \UR^w �
uDH�SUL�X_EG\UT F�T \UR`i^R�HWR�S�EIX L^��X LoQWSUT HKJMT Q:Lz[hL�X a^H�X L3�xOWL�XDX5C T Hx\UL�SUFGEIX X LoNPL`\UL�deQK[.QWSUa^QWSUL

L3[]\�T HKNPR�Q:L�HKNWEIHx\�NPOeSUL�Q:m�SUL�J�VWa^T_[hTPSUL3[]\UL	FGEIX_EI�WX L^�Gd`EIT_[D[hL�OWX L�deL�Hx\�X aPJ�EIX L�deL�Hx\3�IJIC L3[]\hy
�Gy�NPT SUL*��JMa^HKNPT \UT a^HgNPL*SUL3[]\UL�S`��X5C T Hx\UR�SUT L�OWS`N�C OWHWL�SUR�i^T a^H�[hO�;o[UEIdedeL�Hx\`Q:LM\UT \UL�NPL

�



X5C L3[hQKE^JMLMy5\UL�deQK[Z�±X_E-\�EIT X X L.NPR�Q:L�HKNWEIHx\(NPL.X_E-QWSUR3JMT_[hT a^HzSUL3�xOWT_[hL � wWB�E-HWa^OWF^L3EIOP\URZQWSUT HPy
JMT QKEIX L.JMa^HKJML�SUHWLAX5C LMfPQWSUL3[U[hT a^HvNPOv\UL�deQK[	QWSUa^QWSULZNPa^HWHWR.QKEIS	X_E�r±a^SUd�OWX L`�]¡ � �WX_E^�xOWL�X X L
[�C LMfPQWSUT deL�S�E�L�H�r±a^HKJp\UT a^H-NPL�JMa�L�;oJMT L�Hx\�[�NPR�Q:L�HKNWEIHx\�NPO-Q:a^T Hx\DJMa^HK[hT_NPR�SURcNPLcX5C L3[hQKE^JMLMy
\UL�deQK[-LM\-QWSUL�HKNPS�E�X LvHWa^d�NPL (  �) 6�/ � 4 %Mw
uDH rsEIT \-\Ua^OP\ULzX_E�[]\USUOKJp\UOWSULvNPLzX5C L3[hQKE^JMLMy
\UL�deQK[���LM\�HWaI\�EIdedeL�Hx\�[UE-JMa^OWSU�WOWSUL^�xL3[]\@JMa^Hx\UL�H�OWLANWEIHK[cX5C LMfPQWSUL3[U[hT a^HoX aPJ�EIX LZNPL

τ
LM\

NWEIHK[	X_E�r±a^SUdeL.NPL3[@JMa�L�;oJMT L�Hx\�[��xO�C L�X X L.JMa^Hx\UT L�Hx\3w
~@a^OK[(HWa^OK[@T Hx\UR�SUL3[U[ha^HK[�T_JMT��`X_Ez[]\USUOKJp\UOWSUL�NPL�X5C L3[hQKE^JMLMy5\UL�deQK[@EIOP\Ua^OWSANPO�j�a^X L�T X5w

��a^OWSoR3JMSUT SUL�X L3[vJ�VWax[hL3[eX aPJ�EIX L�deL�Hx\zHWa^OK[zJMa^HK[hT_NPR�SUa^HK[`NPL�OPf�R�F^R�HWL�deL�Hx\�[`F^a^T_[hT HK[��
[hR�QKEISUR3[�QKEIS-OWH�R3J�EISh\-T HPnKHWT \UR3[hT d`EIX�NPL3[-JMa�a^S�NPa^HWHWR�L3[.\UL�deQ:a^SUL�X X LzLM\`[hQKEG\UT_EIX L3[

dt
�

dx
�
dy
LM\
dz
wKj�T�X5C L3[hQKE^JMLARM\�EIT \@QWX_EG\3�WX_E-deRM\USUT_�xOWL.[hL�S�EIT \@NPL.X_E�r±a^SUdeL

(dτ)2 = (dt)2 − (dx)2 − (dy)2 − (dz)2

�xO�C a^H`R3JMSUT \�S�EIQWT_NPL�deL�Hx\(�±LM\cOWHoQ:L�OoT HKJMa^SUSUL3Jp\UL�deL�Hx\ � QKEIS�JMa^H�F^L�Hx\UT a^H`[ha^OK[DX_EZr±a^SUdeL

dτ2 = dt2 − dx2
− dy2

− dz2 � �^�
uDHvJMa�a^S�NPa^HWHWR�L3[D[hQWVWR�SUT_�xOWL3[���NWEIHK[DOWHzQWX_EIHoQKE^[U[UEIHx\�QKEIScX LAJML�Hx\USULANPOvj�a^X L�T X��sJMLA�xOWT
[hOWQWQWSUT deLZOWHWL�JMa�a^S�NPa^HWHWR�LZ[hQKEG\UT_EIX L � �WJMLM\h\ULZr±a^SUd�OWX L.NPL�F�T L�Hx\

dτ2 = dt2 − dr2 − r2dφ2

a^²ZS�SUL�QWSUR3[hL�Hx\UL�X_E�NPT_[]\�EIHKJML�EIO.JML�Hx\USUL�LM\
φ
OWH�EIHWi^X LDE���T d�OP\�EIX^NWEIHK[�X LDQWX_EIH.JMa^HK[hT_NPR�SUR

�±F^a^T S	X_E�nKi^OWSUL.JMT y�NPL3[U[ha^OK[ � w

Y�EIT_[zX5C L3[hQKE^JMLMy5\UL�deQK[zEIOP\Ua^OWSvN�C OWH E^[]\USUL�i^S�E'F�T \�EIHx\zNPLld`E^[U[hL
M
� \USUa^OkHWa^T S3�

F^a^T_[hT HKEIi^L�NPOzj�a^X L�T X � H�C L3[]\�QKE^[DQWX_EG\3w^��XKL3[]\	NPR3JMSUT \�QKEISDX_E (  �) 6�/ � 4 % 2 %����	��

�#6���+��	� /5- 2
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M
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F^a^T \Z�xOWL
M
EzX L3[ANPT deL�HK[hT a^HK[ZN�C OWHWL-X a^HWi^OWL�OWS3�:i^S�EIHKNPL�OWSA�xOWL-HWa^OK[(LMfPQWSUT dea^HK[(T_JMT

L�H�[hL3JMa^HKNPL3[�w*9(a^HKJ
M
L3[]\(LMfPQWSUT deR�L�L�H�[hL3JMa^HKNPL3[��WX_Eer±a^SUd�OWX L�NPL�JMa^H�F^L�S�[hT a^HvL�Hx\USUL
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M
�±L�H*[hL3JMa^HKNPL3[
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9AEIHK[�JML�NPL�SUHWT L�S�X5C R�F^R�HWL�deL�Hx\
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JMa^HK[hT_[]\UL	L�H-X5C R�deT_[U[hT a^HeN�C OWHeR3JMX_EIT S�EIO�\UL�deQK[
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w�BDC R3JMX_EIT S
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r3
w|B�Eo�xOKEIHx\UT \UR
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L3[]\Z[hOWQWQ:ax[hR�L�Q:LM\UT \UL^w�~@a^OK[([hOWQWQ:ax[ha^HK[AEIX a^S�[@�xOWL

HWa^OK[
rsEIT_[ha^HK[
FGEISUT L�S�X L3[�JMa�a^S�NPa^HWHWR�L3[�NPL	X5C R�F^R�HWL�deL�Hx\�T Hx\UL�SUdeR3NPT_EIT SUL
E2
w^B�L	QWSUT HKJMT Q:L

NPL`d`EGfPT deT_[UEG\UT a^H�NPO�\UL�deQK[�QWSUa^QWSULeR�HWa^HKJMLz�xOWL`X_E*i^R�aPNPR3[hT_�xOWL`QKEISh\�EIHx\�NPL
E1
LM\

EI�:a^OP\UT_[U[UEIHx\eL�H
E3
QKE^[U[hL�S�E�QKEIS`X5C R�F^R�HWL�deL�Hx\

E2
SUL�HKNWEIHx\`d`EGfPT d�OWd X5C T Hx\UL�SUFGEIX X L

\UL�deQ:a^SUL�X�QWSUa^QWSUL
τ = τA + τB ,

� 3 �
a^²

τA
deL3[hOWSUL(X5C T Hx\UL�SUFGEIX X LZ[hOWScX LAQWSUL�deT L�S	[hL�i^deL�Hx\

A
NPLAX5C L3[hQKE^JMLMy5\UL�deQK[�SUL�X T_EIHx\

E1LM\
E2
LM\
τB
deL3[hOWSUL.X5C T Hx\UL�SUFGEIX X LZ\UL�deQ:a^SUL�X
[hOWS(X L�[hL3JMa^HKN*[hL�i^deL�Hx\

B
SUL�X T_EIHx\

E2
LM\

E3
w
��a^OWS	HWLAQKE^[DrsEIT SUL@\Ua^OP\�FGEISUT L�Sc��X_E�r±a^T_[��xHWa^OK[	[hOWQWQ:ax[ha^HK[cNWEIHK[cJMLM\h\ULZLMfPQ:R�SUT L�HKJML

�xOWLzX_E�Q:ax[hT \UT a^H NPL3[�S�E'b^a^HK[
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�
r2
LM\
r3
L3[]\-nWfPR�LzLM\e�xOWLv[hL�OWX	X5C T HK[]\�EIHx\

t
a^²�L3[]\

R�deT_[	X5C R3JMX_EIT S�H < � FGEISUT L^w�9�C EIQWSUm3[	X_E�r±a^SUd�OWX L`��� � X5C T Hx\UL�SUFGEIX X LA\UL�deQ:a^SUL�X�QWSUa^QWSULAQ:a^OWS
X LZQWSUL�deT L�S@[hL�i^deL�Hx\

A
L3[]\(NPa^HWHWRZQKEIS@[ha^H*J�EISUSUR

τA
2 = (1 − 2M/rA)t2 +

� \UL�SUdeL3[	HWL�JMa^Hx\UL�HKEIHx\�QKE^[
t
� ��� �

N�C a^²va^H*NPR3NPOWT \
τAdτA = (1 − 2M/rA)tdt

��� �
B�L@\UL�deQK[cR3JMa^OWX RA[hOWS�X LZ[hL�i^deL�Hx\

B
L�Hx\USUL@X L3[�R�F^R�HWL�deL�Hx\�[

E2
LM\
E3
L3[]\

(T − t)
�

LM\@QKEIS�JMa^HK[hR3�xOWL�Hx\�X_EeNPOWSUR�LZQWSUa^QWSUL
τB
L3[]\@NPa^HWHWR�L.QKEIS

τB
2 = (1 − 2M/r)(T − t)2 +

� \UL�SUdeL3[	HWL�JMa^Hx\UL�HKEIHx\	QKE^[
t
� �8£ �

N�C a^²va^H*NPR3NPOWT \
τBdτB = −(1 − 2M/rB)(T − t)dt.

��� �
��a^OWS	SUL�HKNPSUL(d`EGfPT d�OWd X5C T Hx\UL�SUFGEIX X L@\UL�deQ:a^SUL�X:\UaI\�EIX

τ = τA + τB
QKEIScS�EIQWQ:a^Sh\c�

OWHWL.FGEISUT_EG\UT a^H
dt
NPOv\UL�deQK[

t
�WHWa^OK[	R3JMSUT F^a^HK[

dτ

dt
=
dτA
dt

+
dτB
dt

= 0
�s¢ �

uDHZ\UT S�EIHx\
dτA
LM\
dτB
NPL3[�R3�xOKEG\UT a^HK[D��� � LM\c��� � LM\�L�H.Q:ax[UEIHx\�NPL�rsE^tMa^HZ\Ua^OP\ULDHKEG\UOWSUL�X X L

t = tA
LM\
T − t = tB

�WT X�F�T L�Hx\	rsE^JMT X L�deL�Hx\

(1 − 2M/rA)(tA/τA) = (1 − 2M/rB)(tB/τB) .
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B�L.deL�d��WSUL.NPL.ixEIOKJ�VWL.NPL�JMLM\h\UL.R3�xOKEG\UT a^HvHWL�NPR�Q:L�HKN��xOWL�NPL3[	QKEIS�EIdemM\USUL3[�NPO*QWSULMy
deT L�SZ[hL�i^deL�Hx\Z� �sJMa^HWHWL3Jp\�EIHx\

E1
�
E2
� �|X L-deL�d��WSUL-NPLeNPSUa^T \UL�HWL-NPR�Q:L�HKNl�xOWLeNPL

JML�OPfvNPO�[hL3JMa^HKNv[hL�i^deL�Hx\@� �sJMa^HWHWL3Jp\�EIHx\
E2
�
E3
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B�E.�xOKEIHx\UT \UR	deT_[hL�L�HeR�F�T_NPL�HKJML�NWEIHK[�X5C R3�xOKEG\UT a^H*�]¡ �x� HWL@NPR�Q:L�HKN-QKE^[DNPO`[hL�i^deL�Hx\
J�VWa^T_[hT|Q:a^OWS�X_E-J�EIX_JMOWX L�S3w:�(C L3[]\@NPa^HKJ(OWHWL�JMa^HK[]\�EIHx\ULZNPOvdea^OWF^L�deL�Hx\@NPLZX_E-QKEISh\UT_JMOWX L
X T �WSUL.JMa^HK[hT_NPR�SUR�L^w�9(L.�:a^HWHWL3[	S�EIT_[ha^HK[cQWV�bP[hT_�xOWL3[.�±L�HvQKEISh\UT_JMOWX T L�S�Q:a^OWS�SULM\USUa^OWF^L�ScX L3[
r±a^SUd�OWX L3[�NPL�X_E	SUL�X_EG\UT F�T \URDSUL3[]\USUL�T Hx\UL � JMa^HKNPOWT_[hL�Hx\���T_NPL�Hx\UT nKL�S
JMLM\h\ULcJMa^HK[]\�EIHx\ULDJMa^dedeL
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X L.S�EIQWQ:a^Sh\(NPL.X5C R�HWL�SUi^T L
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NPa^HKJZJMLZSUR3[hOWX \�EG\@J�EIQWT \�EIX�[ha^OK[cX_E-r±a^SUdeL

E/m = (1 − 2M/r)(dt/dτ)
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LMfPQWSUL3[U[hT a^HzNWEIHK[	X_E^�xOWL�X X LZHWa^OK[�[ha^dedeL3[cSUL�F^L�H�OWL3[	�-X_E-HWaI\�EG\UT a^HvNPT {|R�SUL�Hx\UT L�X X LZQ:a^OWS
X L3[	T Hx\UL�SUFGEIX X L3[

t
LM\
τ
w

��HKJMT_NPL�dedeL�Hx\	a^H`SUL�d`EIS��xOWL(�xO�C E'F^L3J	X L3[�OWHWT \UR3[c�xOWL(HWa^OK[cE'F^a^HK[DJ�VWa^T_[hT L3[��^X5C R�HWL�Shy
i^T L

E
LM\.X_Evd`E^[U[hL

M
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X_Eed8��deL�a^Q:R�S�EG\UT a^Hvd`EIT_[@L�HvrsEIT_[UEIHx\@FGEISUT L�S(JMLM\h\UL.r±a^T_[�X5C EIHWi^X L

φ
NPL�JMLM\(R�F^R�HWL�deL�Hx\3�

EIHWi^X Lc[hL�SUFGEIHx\��(SUL�Q:R�SUL�S�X_EANPT SUL3Jp\UT a^H-NPO�dea^�WT X LcQKEIS
S�EIQWQ:a^Sh\��(OWHWL	NPT SUL3Jp\UT a^H�a^SUT i^T HWL
LM\.�xOWL�HWa^OK[ZEIQWQ:L�X X L�SUa^HK[(E���T d�OP\3w�~@a^OK[AJMa^HK[hT_NPR�SUa^HK[(�oHWa^OWF^L3EIO�\USUa^T_[(R�F^R�HWL�deL�Hx\�[
JMa^HK[hT_[]\�EIHx\�L�H�X5C R�deT_[U[hT a^H N�C OWH�R3JMX_EIT S-��X5C T Hx\UR�SUT L�OWS-N�C OWH FGEIT_[U[hL3EIO�[hQKEG\UT_EIX��KaI\h\�EIHx\
X T �WSUL�deL�Hx\.NWEIHK[(X5C L3[hQKE^JML^w|B�L-QWSUL�deT L�SZ[hL�i^deL�Hx\

A
SUL�X T L�X5C R�F^R�HWL�deL�Hx\

E1
�zX5C R�F^R�HWLMy

deL�Hx\
E2
w�B�Lo[hL�i^deL�Hx\

B
SUL�X T L

E2
�
E3
w�BDC EIHWi^X L`NPO�QWSUL�deT L�S.R�F^R�HWL�deL�Hx\.L3[]\ZnWfPR

�
φ = 0

��X5C EIHWi^X LzNPO�NPL�SUHWT L�S-�
φ = Φ

\�EIHKNPT_[��xOWLzX5C EIHWi^X L`T Hx\UL�SUdeR3NPT_EIT SUL`L3[]\-QWSUT_[
JMa^dedeL*FGEISUT_EI�WX L^��LM\`R�ixEIX@�

φ
w
9(L�HWa^OWF^L3EIO���Q:a^OWS`HWL*QKE^[-rsEIT SULvFGEISUT L�S-\Ua^OP\z�lX_E

r±a^T_[��|HWa^OK[A[hOWQWQ:ax[ha^HK[A�xOWL-X L-S�E'b^a^H
r
EIOK�xOWL�X�X5C R3JMX_EIT SAH=< � L3[]\ZR�deT_[ASUL3[]\UL�\Ua^O q a^OWS�[

X LZd8��deL^w
B�LAS�EIT_[ha^HWHWL�deL�Hx\c[hLZNPR�F^L�X a^QWQ:LAJMa^dedeLANWEIHK[cX_E�[hL3Jp\UT a^HoQWSUR3JMR3NPL�Hx\UL^w 9�C EIQWSUm3[�X_E

deRM\USUT_�xOWLe��� � �WX5C T Hx\UL�SUFGEIX X L(\UL�deQ:a^SUL�X
τA
[hOWS	X LZQWSUL�deT L�S@[hL�i^deL�Hx\	L3[]\@NPa^HWHWRZQKEIS�[ha^H

J�EISUSUR
τA

2 = −rA
2φ2 +

� \UL�SUdeL3[	HWL�JMa^Hx\UL�HKEIHx\�QKE^[
φ
� �]¡ �^�

LM\@X5C T Hx\UL�SUFGEIX X L
τB
[hOWS�X L.[hL3JMa^HKNzQKEIS

τB
2 = −rB

2(Φ − φ)2 +
� \UL�SUdeL3[	HWL�JMa^Hx\UL�HKEIHx\�QKE^[

φ
� �]¡ � �

N�C a^²vT X�F�T L�Hx\

τAdτA = −rA
2φ dφ

�]¡ 3 �
τBdτB = rB

2(Φ − φ)dφ
�]¡ � �

��a^OWS	d`EGfPT deT_[hL�S
τ = τA + τ −B

a^HvR3JMSUT \��xOWL
dτ/dφ = d(τA + τB)/dφ = 0

LM\�a^H
a^�P\UT L�Hx\	rsE^JMT X L�deL�Hx\3�KNPLZrsE^tMa^H*EIHKEIX a^i^OWLA�eX5C R3�xOKEG\UT a^H��]¡ �x� �
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2φA/τA = rB

2φB/τB
�]¡ � �

L�HoE'bxEIHx\DQ:ax[hR�\Ua^OP\cHKEG\UOWSUL�X X L�deL�Hx\
φ = φA

LM\
Φ−φ = φB

w�B�L@deL�d��WSUL(NPL@ixEIOKJ�VWL^�
�xOWT
HWLeJMa^Hx\UT L�Hx\.�xOWL-NPL3[(\UL�SUdeL3[(SUL�X_EG\UT rs[AEIO�QWSUL�deT L�SZ[hL�i^deL�Hx\3�|L3[]\AR�ixEIX��zJML�X OWT�NPL
NPSUa^T \UL^�G�xOWTWHWL�JMa^Hx\UT L�Hx\��xOWL�NPL3[
\UL�SUdeL3[�SUL�X_EG\UT rs[�EIOe[hL3JMa^HKN�[hL�i^deL�Hx\3wI~@a^OK[
LMfPVWT �:a^HK[

�



EIT HK[hTAOWHWL�EIOP\USUL�JMa^HK[]\�EIHx\UL�NPO dea^OWF^L�deL�Hx\3����[UE'F^a^T S
r2dφ/dτ

�±L�H SUL�QKE^[U[UEIHx\v�
X_E�HWaI\�EG\UT a^H�NPT {|R�SUL�Hx\UT L�X X L � ���xOWLoX5C a^H�L3[]\eJMa^HKNPOWT \e��T_NPL�Hx\UT nKL�S*�sJ�EIS-JIC L3[]\�X_E�d8��deL
r±a^SUdeL-�xOWL�X_E`r±a^SUd�OWX L�HWL��	\Ua^HWT L�HWHWL � E'F^L3J.X L�S�EIQWQ:a^Sh\ZNPO�dea^deL�Hx\ZEIHWi^OWX_EIT SUL

L
NPL

X_E-QKEISh\UT_JMOWX L.�e[UE-d`E^[U[hL
m
�WJML��xOWLZHWa^OK[	R3JMSUT F^a^HK[

L/m = r2(dφ/dτ)
�]¡G£ �

� � ¯�°M©c­v°�¬v« °M¯ ��¦�¯���«�©�����§p¦�«

��L3J�VWHWT_�xOWL�deL�Hx\eQKEISUX_EIHx\3��X_E�\US�E q L3Jp\Ua^T SULzN�C OWH dea^�WT X LvX T �WSULvN�C E^J�JMR�X R�S�EG\UT a^H�QKEIS
deaI\UL�OWSDL3[]\cNPRM\UL�SUdeT HWR�L(JMa^dedeL([hOWT \3wP��a^HWHKEIT_[U[UEIHx\�X5C R�HWL�SUi^T L

E
LM\�X L@dea^deL�Hx\cEIHWi^OPy

X_EIT SUL
L
NPLAX_Ev�pQKEISh\UT_JMOWX L���NPLAd`E^[U[hL

m
�
E
LM\
L
NPR�Q:L�HKNPL�Hx\@NPL3[cJMa^HKNPT \UT a^HK[�T Hx\UT_EIX L3[ �

HWa^OK[�Q:a^OWF^a^HK[�[hOWT F�SUL@X_E�Q:ax[hT \UT a^HzNPLAJMLM\h\ULAQKEISh\UT_JMOWX L@L�HzT HKJMSUR�deL�Hx\�EIHx\c[hL3[cJMa�a^S�NPa^HPy
HWR�L3[.\UL�deQ:a^SUL�X X L

t
��[hQKEG\UT_EIX L

r
LM\eEIHWi^OWX_EIT SUL

φ
EIO�r±OWS-LM\-deL3[hOWSULo�xOWLv[ha^H�VWa^SUX a^i^L

QWSUa^QWSULoJMa^deQP\ULzX L`\UL�deQK[
τ
w��@X i^R��WSUT_�xOWL�deL�Hx\3��Q:a^OWS-J�VKE^�xOWLoT HKJMSUR�deL�Hx\-NPLo\UL�deQK[

QWSUa^QWSUL
dτ
��HWa^OK[ZJ�EIX_JMOWX a^HK[-�±a^O�X5C a^S�NPT HKEG\UL�OWSZJ�EIX_JMOWX L � X L3[AT HKJMSUR�deL�Hx\�[

dt
�
dr
LM\
dφNPL3[	JMa�a^S�NPa^HWHWR�L3[cNPOvdea^�WT X L^wPB�L3[�J�EISUSUR3[�NPL3[	T HKJMSUR�deL�Hx\�[

dt
LM\
dφ
[ha^Hx\�NPR3NPOWT \�[�NPL3[

R3�xOKEG\UT a^HK[Z�]¡^¡ � LM\��]¡G£ � [ha^OK[cX_E-r±a^SUdeL

dt2 = (E/m)2(1 − 2M/r)−2dτ2 �]¡ � �
dφ2 = (L/m)2r−4dτ2 �]¡3¢ �

��XDHWa^OK[.d`EIHK�xOWLeX5C LMfPQWSUL3[U[hT a^H�NPL
dr
w
~@a^OK[.X5C a^�P\UL�HWa^HK[ZL�H�Q:a^Sh\�EIHx\�JML3[.FGEIX L�OWS�[

NPL
dt
LM\
dφ
NWEIHK[�X5C R3�xOKEG\UT a^H���� � NPL(X_E�deRM\USUT_�xOWLALM\cL�HzSUR3[ha^X FGEIHx\�L�H`r±a^HKJp\UT a^HzNPL

dr
�

JML.�xOWT�NPa^HWHWL

dr2 =
{

(E/m)2 − (1 − 2M/r)[1 + (L/m)2r−2]
}

dτ2 � �I�x�
uDH.rsEIT_[UEIHx\�X L�S�EIQWQ:a^Sh\�deL�d��WSULD�	deL�d��WSUL�NPL3[�R3�xOKEG\UT a^HK[D� �I�x� LM\c�]¡3¢ � �Ma^H�EI�:a^OP\UT \

NPT SUL3Jp\UL�deL�Hx\@�-X5C R3�xOKEG\UT a^H*NPL.X_E�\US�E q L3Jp\Ua^T SULAL�H�JMa�a^S�NPa^HWHWR�L3[cQ:a^X_EIT SUL3[
(

1

r2
dr

dφ

)2

=

(

E

L

)2

−

(

1 −
2M

r

) [

(m

L

)2

+
1

r2

] � � ¡ �

� � ¦�¯���«�©�����§p¦�«,¬v« °M¯"ª*°M¯�¨����
«

uDH�LM{|L3Jp\UOKEIHx\�X L�J�VKEIHWi^L�deL�Hx\�NPL.FGEISUT_EI�WX L

u = 1/r, du = −dr/r2

X5C R3�xOKEG\UT a^H�� � ¡ � NPL�F�T L�Hx\
(

du

dφ

)2

=
E2

L2
− (1 − 2Mu)

(

m2

L2
+ u2

)

.
� �^�^�

��a^HK[hT_NPR�SUa^HK[�OWHWL	QKEISh\UT_JMOWX L�\UL3[]\�E^J�JMa^deQWX T_[U[UEIHx\
OWHWLca^SU�WT \UL�r±L�SUdeR�L	EIOP\Ua^OWS�NPOej�a^X L�T X5w
jPE-NPT_[]\�EIHKJML

r
��X_E�d`E^[U[hLAJML�Hx\US�EIX L

M
QKE^[U[hL@r±a^S�JMR�deL�Hx\cQKEIS	OWHzdeT HWT d�OWd

r
−

LM\�OWH

£



d`EGfPT d�OWd
r+
JMa^SUSUL3[hQ:a^HKNWEIHx\oSUL3[hQ:L3Jp\UT F^L�deL�Hx\vEIO�Q:R�SUT VWR�X T L�LM\*��X5C EIQWVWR�X T L^wc��a^OWS

HWa^OK[�E^J�JMa^S�NPL�S	E'F^L3J(X L�J�VKEIHWi^L�deL�Hx\@NPLZFGEISUT_EI�WX L
u = (1/r)

HWa^OK[	Q:ax[hL�SUa^HK[

u
−

= 1/r
−

= v , u+ = 1/r+ = w ,
E'F^L3J

r
−
< r < r+ , w < u < v .

uDH�JML3[�NPL�OPfvQ:a^T Hx\�[�NPL.X_E�\US�E q L3Jp\Ua^T SULAX_EeNPR�SUT F^R�L
dr/dφ

[�C EIHWH�OWX L^�WJML.�xOWT�[�C R3JMSUT \.µ

E2

L2
− (1 − 2Mv)

(

m2

L2
+ v2

)

= 0
� � � �

E2

L2
− (1 − 2Mw)

(

m2

L2
+ w2

)

= 0 .
� � 3 �

��X�L3[]\�rsE^JMT X L.NPLZ\UT SUL�S
E2/L2 LM\ m2/L2 NPL.JML3[@NPL�OPfzR3�xOKEG\UT a^HK[�JMa^dedeL

m2

L2
= [v + w − 2M(v2 + vw + w2)]/2M

� � � �

E2

L2
= (v + w)(1 − 2Mv)(1 − 2Mw)/2M

� � � �

BDC LMfPQWSUL3[U[hT a^H�� �^�^� QWSUL�HKNvEIX a^S�[cX_E-r±a^SUdeL

(

du

dφ

)2

= (v + w)(1 − 2Mv)(1 − 2Mw)/2M
� � £ �

− (1 − 2Mu)[v + w − 2M(v2 + vw + w2) + 2Mu2]/2M

�xOWT�[�C EIHWH�OWX LZ�WT L�H*Q:a^OWS
u = v

LM\
u = w

w
uDH�d�OWX \UT QWX T_EIHx\A�`NPSUa^T \UL.LM\A�`ixEIOKJ�VWLZQKEIS@X L.rsE^Jp\UL�OWS

(1 − 2Mu)−1 LM\(L�H�NPR�F^LMyX a^QWQKEIHx\@JMLA\UL�SUdeL�EIO*NPL�OPfPT m�deLZa^S�NPSULZL�H*Y

(1 − 2Mu)−1
' 1 + 2Mu+ 4M2u2

a^Hva^�P\UT L�Hx\

(1 − 2Mu)−1

(

du

dφ

)2

= (v + w)(1 − 2Mv)(1 − 2Mw)(1 + 2Mu+ 4M 2u2)/2M

−[v + w − 2M(v2 + vw + w2) + 2Mu2]/2M
� � � �

BDC E^[]\UOKJML	Q:a^OWSD[hT deQWX T nKL�SDX L	deL�d��WSUL�NPL@NPSUa^T \ULcL3[]\�NPL	SUL�d`EIS��xOWL�S��xO�C a^HeEZEG{�EIT SUL
��OWHoQ:a^X b�H��^deLANPOvNPL�OPfPT m�deLANPL�i^SUR@L�H

u
�xOWT|[�C EIHWH�OWX L(Q:a^OWS

u = v
LM\
u = w

w���X:L3[]\
NPa^HKJZNPL.X_E�r±a^SUdeL

C(v − u)(u− w)
�±L�HzHWR�i^X T i^L3EIHx\cNPL3[�\UL�SUdeL3[cN�C a^S�NPSUL

M3 � wWB�E�FGEIX L�OWS	NPLAX_E�JMa^HK[]\�EIHx\UL.��L3[]\ca^�P\UL�H�OWLT dedeR3NPT_EG\UL�deL�Hx\@L�HzrsEIT_[UEIHx\
u = 0

JMa^dedeL

C = 1 − 2M(v + w)

�



JML.�xOWT�Q:L�SUdeLM\@N�C R3JMSUT SULAX5C R3�xOKEG\UT a^H�� � � � NPL.X_E�\US�E q L3Jp\Ua^T SULZ[ha^OK[cX_E�r±a^SUdeL(nKHKEIX L�deL�Hx\
E^[U[hL��AS�EId`E^[U[hR�L

(

du

dφ

)2

= (1 − 2Mu)[1− 2M(v + w)](v − u)(u− w)
� � ¢ �

uDH*QWSUL�HKEIHx\	X_E-S�E^JMT HWLZJ�EISUSUR�LANPL3[	deL�d��WSUL3[	NPL.JMLM\h\ULZR3�xOKEG\UT a^HzLM\@HWR�i^X T i^L3EIHx\cX L3[
\UL�SUdeL3[(N�C a^S�NPSUL�[hOWQ:R�SUT L�OWSAa^O�R�ixEIX
�

M2 X_E`\US�E q L3Jp\Ua^T SUL�NPL�X_EoQKEISh\UT_JMOWX L-EIOP\Ua^OWSANPOj�a^X L�T X�Q:L�OP\([hL�J�EIX_JMOWX L�S	L�H*T Hx\UR�i^S�EIHx\	X5C LMfPQWSUL3[U[hT a^H

dφ

du
= ±

1 +M(u+ v + w)
√

(v − u)(u− w)
.

��� �x�

BDC T Hx\UR�i^S�EG\UT a^H�L3[]\Z\USUT F�T_EIX L-[hT�a^HlrsEIT \ZX L`J�VKEIHWi^L�deL�Hx\ZNPL-FGEISUT_EI�WX L
u → ψ

NPRMnKHWT
QKEIS

u =
1

2
(v + w) +

1

2
(v − w) cosψ

���W¡ �
�xOWT�JMa^HKNPOWT \([UEIHK[	Q:L�T HWL��

√

(v − u)(u− w) =
1

2
(v − w) sinψ = −du/dψ

a^O
du

√

(v − u)(u− w)
= −dψ

��� �^�

~@a^OK[@Q:a^OWF^a^HK[@JMa^deQP\UL�S(X L3[AEIHWi^X L3[@�`QKEISh\UT S(NPO�Q:R�SUT VWR�X T L^w:uDHlJML�Q:a^T Hx\
φ = ψ = 0LM\

u = v
w�� QKEISh\UT S(NPL�JML.Q:a^T Hx\

r
EIOWi^deL�Hx\UL.LM\ANPa^HKJ

u = 1/r
NPT deT H�OWL.\�EIHKNPT_[@�xOWL

X5C EIHWi^X L
ψ
EIOWi^deL�Hx\UL^wGuDH-\UL�HKEIHx\�JMa^deQP\UL�NPL3[�r±a^SUd�OWX L3[	��� �x� �W���W¡ � LM\@��� �^� a^HeEI�:a^OP\UT \

�-X5C T Hx\UR�i^S�EIX L(\USUm3[�[hT deQWX L

φ(u) =

∫ ψ(u)

0

[

1 +
3M

2
(v + w) +

M

2
(v − w) cosψ

]

dψ
��� � �

B�LoQWSUL�deT L�SZ\UL�SUdeLz[ha^OK[ZX LzJMSUaPJ�VWLM\3��R�ixEIXD�*X5C OWHWT \UR^�
JMa^HKNPOWT \-�*X5C L�X X T QK[hLoHWL��	\UaIy
HWT L�HWHWLzJMX_E^[U[hT_�xOWL^w�uDH�LM{|LM\3��[hT

φ = ψ
��X5C LMfPQWSUL3[U[hT a^H����W¡ � r±a^OWSUHWT \�X5C R3�xOKEG\UT a^H�NPLoX_E

\US�E q L3Jp\Ua^T SULAL�H*JMa�a^S�NPa^HWHWR�L3[cQ:a^X_EIT SUL3[
(r, φ)

[ha^OK[	X_E�r±a^SUdeL

u ≡
1

r
=

1

2
(v + w) +

1

2
(v − w) cosφ

��� 3 �

JML��xOWT
JMa^SUSUL3[hQ:a^HKNz�WT L�H��`OWHWL�L�X X T QK[hL^w 9(L.rsE^tMa^H�VKEI�WT \UOWL�X X L�a^H�R3JMSUT \(X5C R3�xOKEG\UT a^H�NPL
JMLM\h\UL.L�X X T QK[hL.[ha^OK[	X_E�r±a^SUdeL

r =
p

1 + e cosφ

��� � �
a^²

p
L3[]\AX L�QKEIS�EIdemM\USUL.NPL�X5C L�X X T QK[hLz�±QKEIShr±a^T_[(EIQWQ:L�X R�X L!+ % ( /5' - �#) 4 +�6?%	��) 4 ( � LM\ e [ha^HLMfWJML�Hx\USUT_JMT \UR^w
��EIS�T_NPL�Hx\UT n:J�EG\UT a^HvL�Hx\USUL`��� 3 � LM\���� � � a^HvF^a^T \@�xOWL

1

p
=

1

2
(v + w) =

1

2

(

1

r
−

+
1

r+

) ��� � �

¢



LM\
e =

v − w

v + w
=
r+ − r

−

r+ + r
−

����£ �

��a^O q a^OWS�[	E'F^L3J(X L3[	HWaI\�EG\UT a^HK[cVKEI�WT \UOWL�X X L3[	X L.NPa^OW�WX L.NPO*i^S�EIHKNzEGfPL
a
NPLZX5C L�X X T QK[hLZL3[]\

2a = r
−

+ r+
��� � �

LM\@a^H*E-X_E-SUL�X_EG\UT a^H
p = a(1 − e2) .

� � �A¯�¨v©c« ¬v­ ª �	¦�§�� ��°M§M«

B�L�NPL�OPfPT m�deLZ\UL�SUdeL�NPL.X5C T Hx\UR�i^S�EIX L`��� � � �W�`[UE'F^a^T S
(3M/2)(v + w)

�KT HKNPT_�xOWL��xOWL
X5C EIHWi^X L

φ
FGE�EIOWi^deL�Hx\UL�SoNPL�QWX OK[oNPLlNPL�OPf r±a^T_[

π
X a^S�[U�xOWL*X_E�QWX_EIHWmM\UL�SUL�F�T L�Hx\oEIO

Q:R�SUT VWR�X T L�NPa^Hx\`L�X X L*RM\�EIT \`QKEISh\UT L^w��(C L3[]\`X L�QWVWR�HWa^dem�HWL�NPL*QWSUR3JML3[U[hT a^H NPL*X5C a^SU�WT \UL^w
uDHvrsEIT \�HWa^OK[	d�OWX \UT QWX T a^HK[	QKEIS � X5C EIOWi^deL�Hx\�EG\UT a^HvNPLZX5C EIHWi^X L

φ
L�Hx\USULZX LZQ:R�SUT VWR�X T L

r
−�sJMa^SUSUL3[hQ:a^HKNWEIHx\@�

ψ = 0
� LM\AX5C EIQWVWR�X T L

r+
�sJMa^SUSUL3[hQ:a^HKNWEIHx\(�

ψ = π)
Q:a^OWSAa^�P\UL�HWT S

OWHWL.QWSUR3JML3[U[hT a^HzQKEIS	Q:R�SUT aPNPL.R�ixEIX LZ�

∆φ =
6Mπ

p

���^¢ �

a^²
p
L3[]\(NPRMnKHWT�L�H���� � � w

¡ �



�@O�\USUa^T_[hT m�deLz\UL�SUdeL�NPL*X5C T Hx\UR�i^S�EIX L���� � � JMa^SUSUL3[hQ:a^HKN�OWH�\UL�SUdeL�[hT H�OK[ha��8NWEIXcL�H
sinψ
�xOWT�HWLZS�E q a^OP\UL.�-X_E�\US�E q L3Jp\Ua^T SULA�xO�C OWHWL.Q:L�Sh\UOWSU�KEG\UT a^HvQ:R�SUT aPNPT_�xOWL.[hL.JMa^deQ:a^Shy

\�EIHx\@JMa^dedeL.OWHWL.[ha^Sh\UL.NPL.�WSUOWT \3w
�cEIX_JMOWX a^HK[�X_E(FGEIX L�OWS
H�OWdeR�SUT_�xOWL	NPLcX5C EIHWi^X LcNPLcQWSUR3JML3[U[hT a^H�w'B�L	NPL�deT y8i^S�EIHKN�EGfPLcNPL

X5C L�X X T QK[hLAdeL�S�JMOWSUT L�HWHWLAFGEIOP\
a = 5.8× 1012 JMd LM\@[ha^HoLMfWJML�Hx\USUT_JMT \UR e = 0.206

w 9�C a^²
p = 5.55×1012 JMd*w^B�E(d`E^[U[hL	NPOoj�a^X L�T XPL�HeJML�Hx\UT demM\USUL3[�L3[]\ M(

JMd
) = (G/c2)M(

i
)�xOWT�NPa^HWHWLo�sE'F^L3J

M = 2 × 1033 i � M = 1.5 × 105 JMd*w=9�C a^²

∆φ = 5 × 10−7 S�E^NPT_EIH > SUR�F^a^X OP\UT a^H = 0.103”
> SUR�F^a^X OP\UT a^H

jPE^J�VKEIHx\��xO�C T X:beE 3 ¡ �ASUR�F^a^X OP\UT a^HeQKEISc[hT m3JMX L^�^a^H`L�HoNPR3NPOWT \cOWHWLAE'FGEIHKJML@NPOoQ:R�SUT VWR�X T L
NPL.Y�L�S�JMOWSUL.NPL

∆φ = 43”
QKEIS@[hT m3JMX L

.

� ¥ �	¦�§��`¬v« ¬v« ¦ � ����°M­��
§���¨

�DSUaInW\Ua^HK[`NPLv\Ua^OP\UL3[`JML3[-r±a^SUd�OWX L3[-Q:a^OWS`J�EIX_JMOWX L�S`X_ElQ:R�SUT aPNPL�NPL*SUR�F^a^X OP\UT a^H
TN�C OWHWLzQWX_EIHWmM\ULzEIOP\Ua^OWS-NPO j�a^X L�T XcLM\�SULM\USUa^OWF^L�S�X LoSUR3[hOWX \�EG\�HWL��	\Ua^HWT L�H�w�B�E*r±a^SUd�OWX L

�]¡G£ � HWa^OK[�T HKNPT_�xOWL	�xOWLcX5C T HKJMSUR�deL�Hx\
(1/2)r2dφ = ((1/2)(L/m)dτ

L3[]\
QWSUa^Q:a^Sh\UT a^HWHWL�X
EIO.\UL�deQK[

τ
w,�(S�JMLM\h\ULc�xOKEIHx\UT \URcH�C L3[]\�EIOP\USULc�xOWLcX5C EIT SULDR�X R�deL�Hx\�EIT SUL

dA
�KEIX_E'b^R�L�QKEIS
X L

S�E'b^a^H�F^L3Jp\UL�OWS q a^T i^HKEIHx\�X LAj�a^X L�T XK�ZX_EZQWX_EIHWmM\UL^wI��EIS�JMa^HK[hR3�xOWL�Hx\�X5C EIT SUL	\UaI\�EIX L��KEIX_E'b^R�L
EIOz\UL�deQK[

τ
NPL�QWOWT_[�X LZ\UL�deQK[

τ = 0
L3[]\

A = (1/2)(L/m)τ
� 3 �x�

�@Ol�:a^OP\.N�C OWHWLeSUR�F^a^X OP\UT a^H�JMa^deQWX mM\UL^�|X L�\UL�deQK[AR3JMa^OWX R�L3[]\
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